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Abstract. The classification of Fano varieties is an important open question,
motivated in part by the MMP. Smooth Fano varieties have been classified up
to dimension three: one interesting feature of this classification is that they can
all be described as certain subvarieties in GIT quotients; in particular, they
are all either toric complete intersections (subvarieties of toric varieties) or
quiver flag zero loci (subvarieties of quiver flag varieties). There is a program
to use mirror symmetry to classify Fano varieties in higher dimensions. Fano
varieties are expected to correspond to certain Laurent polynomials under
mirror symmetry; given such a Fano toric complete intersections, one can
produce a Laurent polynomial via the Hori–Vafa mirror. In this paper, we
give a method to find Laurent polynomial mirrors to Fano quiver flag zero loci
in Y -shaped quiver flag varieties. To do this, we generalise the Gelfand–Cetlin
degeneration of type A flag varieties to Fano Y -shaped quiver flag varieties,
and give a new description of these degenerations as canonical toric quiver
varieties. We find conjectural mirrors to 99 four dimensional Fano quiver flag
zero loci, and check them up to 20 terms of the period sequence.
1. Introduction
The classification of smooth Fano varieties is an important open question, moti-
vated, in part, by the role Fano varieties play in the minimal model program. The
classification of Fano varieties is only known up to dimension three: in three dimen-
sions, this was a major undertaking by Iskovskih [15] and Mori–Mukai [23]. One
of the interesting features of the list of Fano threefolds is that all can be found as
representation theoretic subvarieties in either toric varieties or quiver flag varieties.
In both cases, the ambient space is GIT quotient by a product of general linear
groups.
Because both toric varieties and quiver flag varieties are combinatorially de-
scribed, the search for all Fano representation-theoretic subvarieties of toric vari-
eties and quiver flag varieties with bounded codimension is a finite problem. The
search for such Fano fourfolds with codimension at most 4 was completed in [4] for
toric varieties and [16] for quiver flag varieties. Non-deformation equivalent Fano
fourfolds are distinguished via their quantum period (which is deformation invari-
ant, but it is not known whether it is is a complete invariant), a power series built
of genus 0 Gromov–Witten invariants and computed via [13] for toric varieties and
the Abelian/non-Abelian correspondence for quiver flag varieties.
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A program of Coates, Corti, Galkin, Golyshev, Kasprzyk and others is to use
mirror symmetry to classify Fano varieties. Mirror symmetry for Fano varieties is
conjectured by Kasprzyk and Tveiten [18] to be of the following form:
Conjecture 1.1. Fano varieties up to deformation to correspond to rigid maxi-
mally mutable Laurent polynomials up to mutation.
For the definition of rigid maximally mutable Laurent polynomials, see Definition
2.3. A Fano variety X is said to be mirror to f if the regularised quantum period
of X equals the classical period of f . The classical period of a Laurent polynomial
(Definition 2.2) is mutation invariant.
The conjecture has been verified in dimension 2. Mirrors have been found for
all three dimensional Fano varieties. In any dimension, a mirror of a Fano toric
variety can be found via the Hori–Vafa mirror. For a Fano toric complete intersec-
tion with a convex partition (a technical condition satisfied by all known smooth
Fano toric complete intersections, see Definition 3.1), a Laurent polynomial mirror
can be found from the Hori–Vafa mirror via certain substitutions; this is called
the Przyjalkowski method [7]. In [4], they found mirror rigid maximally mutable
Laurent polynomial mirrors for all Fano toric complete intersections.
In this paper, we describe a method of producing Laurent polynomial mirrors to
Fano quiver flag zero loci in quiver flag varieties of a restricted type, called Y -shaped
quiver flag varieties. We do this by generalising the Gelfand–Cetlin degeneration of
flag varieties to Y -shaped quiver flag varieties, and describing the degenerate toric
variety in a new way - as a quiver variety itself. This new combinatorial description
allows us to write down a complete intersection in this toric variety corresponding
to a zero locus in the quiver flag variety. When this complete intersection has a
convex partition, we can then use the Przyjalkowski method to produce a Lau-
rent polynomial, and adjust the coefficients so that it is rigid maximally mutable
(confirmed by computer code of Kasprzyk). We conjecture that this Laurent poly-
nomial is mirror to the original Fano quiver flag zero locus (and check this up to 20
terms of the period sequence). In this way, we construct candidate rigid maximally
mutable Laurent polynomial mirrors to 99 of the quiver flag zero loci found in [16]
(the others do not have a convex partition).
Beyond the toric context, it is expected that if f is a Laurent polynomial mir-
ror to X, then the toric variety associated to the spanning fan of the Newton
polytope of f is a toric degeneration of X. Doran–Harder [10] show that the Przy-
jalkowski method implies the existence of a toric degeneration of the toric complete
intersection. The Gelfand–Cetlin toric degenerations of flag varieties have rich
combinatorics. Because they are degenerations of flag varieties inside the Plu¨cker
embedding, a complete intersection in a flag variety degenerates to a complete inter-
section in the degenerate toric variety. Using this construction, candidate mirrors
of complete intersections in type A flag varieties have been found [2,10], but as far
as the author knows these mirrors are not known to be rigid maximally mutable.
The generalisation of the Gelfand-Cetlin degeneration is constructed as follows.
We find a SAGBI basis for a sub-algebra of the Cox ring of a Y -shaped quiver
flag variety; the full Cox ring is not known, in general. Let MQ be a quiver flag
variety. In [16], a different description of MQ is a given as a subvariety of a product
of Grassmannians Y =
∏ρ
i=1 Gr(s˜i, ri). Let Si be the pullback of the tautological
sub-bundle of Gr(s˜i, ri) to Y .
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Theorem 1.1. Let MQ be a Fano Y -shaped quiver flag variety. There is a SAGBI
basis for the sections of det(S∗i ), i = 1, . . . , ρ.
As the line bundles det(S∗i ) give the Plu¨cker embedding of Y , this determines
a flat degeneration of MQ to a toric variety. In [2], the combinatorics of the de-
generation for the flag case was described via ladder diagrams. We define ladder
diagrams for a Y -shaped quiver flag variety with quiver Q and associate to them
a new combinatorial object: another quiver called the ladder quiver L(Q) with
dimension 1 assigned to each vertex. As for quiver flag varieties, this quiver gives
rise to a GIT quotient which is in this case a toric variety, which we call X(Q).
We show that X(Q) is the degenerate toric variety coming from the SAGBI basis
degeneration.
Theorem 1.2. Let MQ be a Fano quiver flag variety where Q is a Y -shaped quiver.
There is a flat toric degeneration of MQ to X(Q), which is a Gorenstein toric
variety.
This both gives a new description of the Gelfand–Cetlin toric degeneration as a
moduli space for certain representations of a quiver, and generalises the degener-
ation to Y -shaped quiver flag varieties. Ladder diagrams for Grassmannians also
play an important role in their cluster structure (see [24]), where they can be in-
terpreted as a particularly special plabic graph, defining both a torus chart and a
toric degeneration. In this torus chart, the Plu¨cker coordinate mirror [21] agrees
with the mirror of the Gelfin-Cetlin toric degeneration. It would be interesting to
see if this richer structure can be generalised to Y-shaped quiver flag varieties.
As discussed, a complete intersection in a flag variety degenerates to a complete
intersection in the degenerate toric variety. The situation is more complicated for
higher rank bundles, as their sections cannot generally be described via Plu¨cker
coordinates (which is how the degeneration is constructed). However, via the proof
of the above theorem, we can see that under this degeneration of a Y -shaped quiver,
a representation theoretic vector bundle corresponds to a direct sum of rank one
reflexive sheaves on the degenerate toric variety (see §6 for a more precise state-
ment, in particular, there is more than one choice for a particular vector bundle).
The Plu¨cker coordinate mirror WP of [21] for the Grassmannian Gr(n, k) exhibits
analogous behaviour: when expanded in the torus chart corresponding to the lad-
der diagram, some of the monomials of WP split into precisely k monomials, and
these k monomials correspond to a choice of k rank 1 reflexive sheaves on the de-
generate toric variety giving rise to the tautological bundle on Gr(n, k) (see §6 for
more details).
The ladder diagram gives a simple description of the associated Weil divisors. In
this way, given a quiver flag zero locus in a Y -shaped quiver, we find a ‘complete
intersection’ in a toric variety. That is, we find the GIT data of a singular toric
variety, together with weights defining divisors. If the GIT and weight data has a
convex partition, we can formally apply the Przyjalkowski method to the data of
the weights and divisors, and arrive at a Laurent polynomial. When the quiver flag
zero locus is not a complete intersection, this Laurent polynomial is often not rigid
maximally mutable and is not a mirror for the quiver flag zero locus. However, in
all examples there is a unique rigid maximally mutable Laurent polynomial with
the same Newton polytope whose period sequence is correct, up to 20 terms. This
4 LAURENT POLYNOMIAL MIRRORS FOR QUIVER FLAG ZERO LOCI
gives significant evidence towards rigid maximally mutable Laurent polynomials
being the correct class of Laurent polynomials to consider.
These conjectural Laurent polynomial mirrors also give rise to new ways of com-
puting the quantum period of Fano quiver flag zero loci. The Abelian/non-Abelian
correspondence allows one to compute, in principle, as many terms as one likes of
the quantum period, however, in practice, this computation is often very expen-
sive. The classical period of a Laurent polynomial, on the other hand, is much
easier to compute and sufficiently many terms may be computed to determine the
Picard–Fuchs operator (see [4]). Givental’s mirror theorem applies only to smooth
toric complete intersections, however, the closed formula makes formal sense for a
singular Fano toric variety and weights on it. This formula computes the classi-
cal period of the Laurent polynomial arising via the Przyjalkowski method. Thus,
these conjectures suggest - and are supported by the computations in this paper
- that when the resulting Laurent polynomial is rigid maximally mutable, Given-
tal’s mirror theorem is exactly computes the quantum period of the original Fano
quiver flag zero locus. When the resulting Laurent polynomial is not rigid maxi-
mally mutable, however, it is is incorrect and must be adjusted via adjusting the
coefficients of the Laurent polynomial mirror. In all examples, the Przyjalkowski
method produced a rigid maximally mutable Laurent polynomial when the quiver
flag zero locus is cut out by sections of vector bundles which split.
A Fano polytope whose only lattice points are the origin and the vertices is
called terminal [17]. This implies that the Laurent polynomial with coefficients
all one supported on this polytope is rigid maximally mutable; this is the Laurent
polynomial arising from the Hori–Vafa mirror of the toric variety associated to the
polytope. The period of this Laurent polynomial is then computed via Givental’s
mirror theorem applied to the toric variety. The conjectures above thus suggest
that for any smooth Fano variety X with a toric degeneration to a Gorenstein toric
variety XP with P terminal, the quantum period of X is given by Givental’s mirror
theorem applied to XP . In particular, this would imply that the quantum period
of X is hypergeometric. This situation happens frequently in the examples in this
paper.
Plan of the paper. In §2, we discuss mirror symmetry for Fano varieties and
give the definitions needed to state it precisely and recall basic definitions and
constructions for quiver flag varieties. In the next section, §3, we introduce a
generalisation of the Przyjalkowski method and explain how to produce a Laurent
polynomial from the data of the weights and divisors associated to a toric complete
intersection. We introduce the class of Y -shaped quiver flag varieties, and describe
a SAGBI basis for sections of certain line bundles on these quiver flag varieties,
which produces a toric degeneration. In §5, we define ladder diagrams and ladder
quivers for Y -shaped quiver flag varieties, and prove that the SAGBI degeneration
is precisely a degeneration to canonical toric variety arising the from the ladder
quiver. In the final section of the paper §6, we explain how to use this degeneration
to find candidate Laurent polynomial mirrors for quiver flag zero loci with a convex
partition. We include a table with the mirrors to 99 of the quiver flag zero loci found
in [16], produced using this method. In the remaining 42 cases, there is either no
nef partition or the toric degeneration has a smaller class group than expected.
Finally, we give one example of a degeneration and mirror outside of the family of
Y -shaped quiver flag varieties: here, the degeneration is to a bound ladder quiver.
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2. Mirror symmetry for Fano varieties
In this section, we give the definitions required to more precisely state the con-
jectural equivalence between Fano varieties up to deformation and rigid maximally
mutable Laurent polynomials up to mutation (see, for example [1] and [12]).
2.1. The quantum period. On the A side (the Fano side) the main invariant
is the quantum period. For a more detailed introduction to Gromov–Witten in-
variants, quantum cohomology, and the quantum period, see for example [5] (in
particular, they record the formula for the quantum period of a Fano toric com-
plete intersection).
Let Y be a smooth projective variety. Given n ∈ Z≥0 and β ∈ H2(Y ), let
M0,n(Y, β) be the moduli space of genus zero stable maps to Y of class β, and with
n marked points [19]. While this space may be highly singular and have components
of different dimensions, it has a virtual fundamental class [M0,n(Y, β)]
virt of the
expected dimension [3,20]. There are natural evaluation maps evi : M0,n(Y, β)→ Y
taking the class of a stable map f : C → Y to f(xi), where xi ∈ C is the ith marked
point. There is also a line bundle Li →M0,n(Y, β) whose fiber at f : C → Y is the
cotangent space to C at xi. The first Chern class of this line bundle is denoted ψi.
Define:
(1) 〈τa1(α1), . . . , τan(αn)〉n,β =
∫
[M0,n(Y,β)]virt
n∏
i=1
ev∗i (αi)ψ
ai
i
where the integral on the right-hand side denotes cap product with the virtual
fundamental class. If ai = 0 for all i, this is called a (genus zero) Gromov–Witten
invariant and the τ notation is omitted; otherwise it is called a descendant invariant.
It is deformation invariant.
Definition 2.1. Let X be a smooth Fano variety. The quantum period of X is
GX(t) =
∞∑
i=0
ait
i, ai :=
∑
β∈H2(X,Z)|〈β,−KX〉=i
〈τi−2([X])〉1,β .
Here [X] is the cohomology class Poincare´ dual to the class of a point.
The regularised quantum period is
G˜X(t) =
∞∑
i=0
i!ai
which can be interpreted as a Fourier–Laplace transform of GX(t).
As descendent invariants are deformation invariant, so is the quantum period. A
closed form is known for smooth Fano toric complete intersections. The Abelian/non-
Abelian corresponce allows one to compute any number of terms of the quantum
period of a quiver flag zero locus.
6 LAURENT POLYNOMIAL MIRRORS FOR QUIVER FLAG ZERO LOCI
2.2. The classical period and mutations.
Definition 2.2. Let f be a Laurent polynomial in C[x±1 , . . . , x±n ]. The classical
period of f , denoted pit(f) is
1
(2pii)n
∫
(S1)n
1
1− tf
dx1
x1
∧ · · · ∧ dxn
xn
.
Repeated applications of the residue theorem allows one to re-write pif (t) as∑∞
i=0 ait
i, where ai is the constant term in the expansion of f
i.
Let X be a smooth Fano variety. A Laurent polynomial f ∈ C[x±1 , . . . , x±n ] is
mirror to X if the quantum period X is equal to pif (t), the classical period of f .
The class of Laurent polynomials mirror to terminal Q-factorial Fano varieties is
conjectured to be rigid maximally mutable Laurent polynomials (although here we
only consider smooth Fano fourfolds). To define this class, we first need to define
the notion of a mutation. We follow [1]. Mutations are compositions of two types
of operations - GL(n,Z) equivalences and certain birational transformations - on
a Laurent polynomial f . For the first, let A = [aij ] ∈ GL(n;Z). Then A defines a
GL(n,Z) equivalence φ : (C∗)n → (C∗)n via
(x1, . . . , xn) 7→ (
n∏
i=1
xa1ii , . . . ,
n∏
i=1
xanii ).
This defines a new Laurent polynomial φ∗(f). For the second type of map, write
f =
∑
i
Ci(x1, . . . , xn−1)xin
and suppose that Ci is divisible by h
−i for a fixed Laurent polynomial h(x1, . . . , xn−1)
for all i < 0 appearing above. This defines a birational transformation φ : (C∗)n 99K
(C∗)n via
(x1, . . . , xn) 7→ (x1, . . . , xn−1, hxn).
We obtain a new Laurent polynomial g by pullback where
g =
∑
i
hiCi(x1, . . . , xn−1)xin.
A one-step mutation is defined to be the composition of a GL(n,Z) equivalence,
a birational transformation of this type, and another GL(n,Z) equivalence. A
mutation is a composition of one-step mutations.
The polytope P ′ is defined to be a mutation of P if there exists f, f ′ such that P ′
is the Newton polytope of f ′, P is the Newton polytope of f , and f ′ is a mutation
of f . A mutation of P is said to be compatible with a Laurent polynomial f if the
mutation of P is induced from a mutation of f .
Definition 2.3 ( [18]). Let f be a Laurent polynomial with Newton polytope P .
We say that f is rigid maximally mutable if there is a set of mutations S on P
such that f is compatible with all mutations in S and up to scaling, f is the only
Laurent polynomial compatible with all mutations in S.
For smooth Fano toric complete intersections in smooth toric varieties subject
to some extra technical conditions (the ability to find a convex partition), there
is a well understood method of producing a Laurent polynomial mirror, called
the Przyjalkowski method. This takes the Hori–Vafa mirror of the toric complete
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intersection, and after certain substitutions, produces a Laurent polynomial. The
paper [7] explains this in detail. However, it isn’t known whether this always
produces a rigid maximally mutable Laurent polynomial (but there are no known
counterexamples). One can formally follow the same method when the toric variety
and the toric complete intersection are singular: below, we show examples when
this method does not produce a rigid maximally mutable Laurent polynomial. The
correct mirror, in this case, is the rigid maximally mutable Laurent polynomial
with same Newton polytope. In the next section, we give an extension of the
Przyjalkowski method.
2.3. Quiver flag varieties. We briefly recall the construction of quiver flag vari-
eties. Quiver flag varieties are generalizations of Grassmannians and type A flag
varieties, introduced by Craw [8]. Like flag varieties, they are GIT quotients and
fine moduli spaces. We begin by recalling Craw’s construction. A quiver flag va-
riety M(Q, r) is determined by a quiver Q and a dimension vector r. The quiver
Q is assumed to be finite and acyclic, with a unique source. Let Q0 = {0, 1, . . . , ρ}
denote the set of vertices of Q and let Q1 denote the set of arrows. Without loss
of generality, after reordering the vertices if necessary, we may assume that 0 ∈ Q0
is the unique source and that the number nij of arrows from vertex i to vertex j
is zero unless i < j. Write s, t : Q1 → Q0 for the source and target maps, so that
an arrow a ∈ Q1 goes from s(a) to t(a). The dimension vector r = (r0, . . . , rρ) lies
in Nρ+1, and we insist that r0 = 1. M(Q, r) is defined to be the moduli space of
θ-stable representations of the quiver Q with dimension vector r. Here θ is a fixed
stability condition defined below, determined by the dimension vector.
Consider the vector space
Rep(Q, r) =
⊕
a∈Q1
Hom(Crs(a) ,Crt(a))
and the action of GL(r) :=
∏ρ
i=0 GL(ri) on Rep(Q, r) by change of basis. The
diagonal copy of GL(1) in GL(r) acts trivially, but the quotient G := GL(r)/GL(1)
acts effectively; since r0 = 1, we may identify G with
∏ρ
i=1 GL(ri). The quiver flag
variety M(Q, r) is the GIT quotient Rep(Q, r)//θ G, where the stability condition
θ is the character of G given by
θ(g) =
ρ∏
i=1
det(gi), g = (g1, . . . , gρ) ∈
ρ∏
i=1
GL(ri).
For the stability condition θ, all semistable points are stable.
Craw proved that quiver flag varieties are fine moduli spaces for θ-stable repre-
sentations of Q, Mori dream spaces, and towers of Grassmannians. The subvariety
construction of flag varieties also generalises to quiver flag varieties:
Proposition 2.4 ( [16]). Let MQ := M(Q, r) be a quiver flag variety with ρ > 1.
Then MQ is cut out of Y =
∏ρ
i=1 Gr(H
0(MQ,Wi), ri) by a tautological section of
E =
⊕
a∈Q1,s(a)6=0
S∗s(a) ⊗Qt(a)
where Si and Qi are the pullbacks to Y of the tautological sub-bundle and quotient
bundle on the ith factor of Y .
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3. An extended Przyjalkowski method
In this section, we recall the GIT construction of a toric variety and data needed
to define a toric complete intersection. We then explain a generalisation of the
Przyjalkowski method. The original Przyjalkowski [7] method has limited applica-
tions to complete intersections in flag varieties and Grassmannians, as there often is
not a convex partition for the required line bundles. The generalisation allows one
produce a Laurent polynomial for all Fano complete intersections on flag varieties.
GIT data for a toric variety . We briefly review the GIT data construction of a toric
variety or toric stack. The GIT data for a toric variety is an ρ-dimensional torus
K with cocharacter lattice L = Hom(C∗,K), and m characters D1, . . . , Dm ∈ L∨,
together with a stability condition w ∈ L∨⊗R. The toric variety (or toric Deligne–
Mumford stack) from this data is the quotient of an open subset Uw ⊂ Cm by
K, where K acts on Cm via the map K → (C∗)m defined by the Di. Uw is the
semi-stable locus of the GIT quotient, but can be described explicitly as{
(z1, . . . , zm) ∈ Cm
∣∣∣ zi 6= 0 for i ∈ S and w ∈ Cone(Di : i ∈ S)},
that is, its elements can have zeroes at zi, i ∈ I, only if w is in the cone generated
by Di, i 6∈ I.
Definition 3.1. Let L be the co-character lattice of a torus K, and D1, . . . , Dm ∈
L∨, ω ∈ L∨R the weight data for a toric stack. Let L1, . . . , Lk be divisors on X
corresponding to characters Li ∈ L∨. An extended convex partition for L1, . . . , Lk
is the following data:
(1) A subset B of {1, . . . ,m} such that the Di : i ∈ S are a basis for L∨. A
partition of B into B0 and B1.
(2) A partition of {1, . . . ,m}−B0 into k+1 subsets S0, S1, . . . , Sk such that for
i > 0, Li =
∑
j∈Si Dj and each Li are in the positive span of Dj , j ∈ B0.
(3) A distinguished element ji ∈ Si, i > 0 If Si ∩B1 6= Si, take ji 6∈ B1.
Choosing the basis corresponding toB, defineM to be an r×mmatrixM = [mij ]
with the first r columns corresponding to the divisors in B in this basis (in other
words, the r × r identity matrix), and remaining columns corresponding to the
remaining divisors Di written in the basis.
Introduce variables xi for each i ∈ {1, . . . , N}. For each Si, i > 0 of size ni,
introduce ni new variables yil, l ∈ Si, but set yiji = 1. Then for j ∈ Si set
xj =
yij∑
k∈Si yik
.
Finally, set
m∏
j=1
x
mij
i = 1.
We now use these equations to write the polynomial
W =
m∑
i=1
xi
as a Laurent polynomial in the variables xj , j ∈ S0 and yil, such that l 6∈ B0,
l 6= ij . Call these the un-eliminated variables. This is possible because we can
clearly express xj , j ∈ B0 as a Laurent polynomial in the yil, i = 1, . . . , k, l 6=
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ji, l 6∈ B1, because the factors of the form
∑
k∈Si yik all appear in the numerator.
For xj , j ∈ B1, we obtain an expression for yij as a monomial in the un-eliminated
variables. We can substitute it into the equations for xi, i ∈ B0 without problem.
We therefore obtain a Laurent polynomial.
As we will see in Theorem 6.7, the assumptions above guarantee that for any
Fano complete intersection in a Fano Y -shaped quiver flag variety, the Przyjalkowski
method can be used to produce a Laurent polynomial.
Doran–Harder [10] show that the Przyjalkowski method gives the data of a toric
degeneration of the toric complete intersection, and that the spanning fan of the
Newton polytope of the mirror Laurent polynomial is the fan of the toric degener-
ation. For general Fano varieties, finding a toric degeneration is a potential way to
arrive at a Laurent polynomial - however, while this is expected to be a mirror of
the the Fano variety, this is no longer justified via the Hori–Vafa mirror.
Definition 3.2. Let X be a smooth variety. A flat family pi : X → C is a toric
degeneration of X if the generic fiber is X and the special fiber X0 of pi is a toric
variety. We also require that the family is Q-Gorenstein.
Below, we will describe a certain toric degeneration of flag varieties, which was
first constructed by [14] and is sometimes called the Gelfand–Cetlin toric degener-
ation. If X is a Fano complete intersection in a flag variety, the degeneration of
the ambient space degenerates X to complete intersection in the degenerate toric
variety. Applying the Przyjalkowski method to this toric complete intersection, one
can find a Laurent polynomial mirror for X. We will discuss a generalisation of
this degeneration for certain quiver flag varieties, and use it to produce conjectural
mirrors to their quiver flag zero loci, going beyond the complete intersection case.
4. SAGBI basis degenerations of quiver flag varieties
In this section, we define a SAGBI basis for a sub-algebra of the Cox ring of a
Fano Y -shaped quiver flag variety, which gives rise to a toric degeneration. We first
recall the construction for flag varieties.
4.1. A degeneration of a flag variety. We follow Miller and Sturmfels in [22] to
present the toric degeneration of the flag variety from [14]. Consider the flag variety
Fl(n; r1, . . . , rρ). Let ki := n− ri. The Cox ring of the flag variety is generated by
the top aligned minors of size k1, . . . , kρ of the matrix x11 · · · x1n... ...
xkρ1 · · · xkρn
 .
One can also think of these minors as sections of the determinants of the duals of
tautological sub-bundles on Fl(n; r1, . . . , rρ), and so they define the Plu¨cker map
Fl(n; r1, . . . , rρ)→
∏ρ
i=1 P
(nki)−1. The variables can be thought of as coordinates on
V , where V is the vector space such that V//G = Fl(n; r1, . . . , rρ).
Consider the subalgebra A ⊂ C[xij : 1 ≤ i ≤ r1, 1 ≤ j ≤ n] generated by these
minors. In [22], they show that the basis given by the minors is a SAGBI basis
for A under the monomial order given by the lex ordering on the xij . That is, for
any f in the algebra, the initial term of f is a monomial in the initial terms of the
basis. A SAGBI basis defines a flat degeneration of the flag variety in
∏ρ
i=1 P
(nki)−1
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to the toric subvariety defined by the monomials which are the initial terms of the
basis elements.
Example 4.1. Consider the flag variety Gr(4, 2). Then the matrix above is[
x11 x12 x13 x14
x21 x22 x23 x24
]
.
The algebra is generated by the six 2× 2 minors of this matrix. Their initial terms
are
x11x22, x11x23, x11x24, x12x23, x12x24, x13x24.
The toric degeneration of Gr(4, 2) is the closure of of the map (C∗)8 → P5 defined
by these monomials.
4.2. Coordinates on quiver flag varieties. The first step towards generalising
this construction to quiver flag varieties is to choose appropriate coordinates (or
equivalently, appropriate line bundles). One option would be to consider the Cox
ring of the quiver flag variety. However, generators of the Cox ring of a quiver flag
variety are not known in general, so in practice this isn’t helpful. As an alternative,
we propose specific line bundles coming from the subvariety construction of quiver
flag varieties, Proposition 2.4.
Let M(Q, r) be quiver flag variety. Use Proposition 2.4 to write M(Q, r) as a
subvariety of
Y :=
ρ∏
i=1
Gr(s˜i, ri), s˜i = dimH
0(Wi).
Consider the line bundles det(S∗i )|M(Q,r) for i = 1, . . . , ρ; det(S∗i )|M(Q,r) has a basis
of sections given by the maximal minors of a s˜i − ri × s˜i matrix. Before writing
down the general construction, we do an example
Example 4.2. Consider the quiver flag variety MQ given by
This quiver flag variety can be seen as a subvariety of Y = Gr(4, 2) × Gr(5, 1) ×
Gr(8, 1). A point of this space given by a triple (V1 ⊂ C4, V2 ⊂ C8, V3 ⊂ C5),
of dimension 2, 7, and 4 respectively, is in the subvariety M(Q, r) if {0} ⊕ V1 ⊂
V3, V1 ⊕ V1 ⊂ V2. A basis of sections of the det(S∗i )|MQ are given by the minors of
the 3 matrices below. The entries of these matrices should be seen as coordinates
on V = Mat(2× 4)×Mat(7× 8)×Mat(4× 5) (so that Y is a GIT quotient of V );
the form of the matrices comes from the conditions on the Vi cutting out MQ. The
first set of minors are the size 2 minors of[
x11 x12 x13 x14
x21 x22 x23 x24
]
.
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The second set of minors are the 7× 7 minors of
z11 z12 z13 z14 z15 z16 z17 z18
z21 z22 z23 z24 z25 z26 z27 z28
z31 z32 z33 z34 z35 z36 z37 z38
x11 x12 x13 x14 0 0 0 0
x21 x22 x23 x24 0 0 0 0
0 0 0 0 x11 x12 x13 x14
0 0 0 0 x21 x22 x23 x24

and the third set of minors are the 4× 4 minors of
y11 y12 y13 y14 y15
y21 y22 y23 y24 y25
0 x11 x12 x13 x14
0 x21 x22 x23 x24

The general construction proceeds exactly as in the example. That is, a point
in Y can be given as ρ vector subspaces (Vi ⊂ Cs˜i)ρi=1; this point lies in M(Q, r) if⊕
a∈Q1,s(a)6=0,t(a)=i
Vs(a) ⊕ Cn0i ⊂ Vi.
Recall that n0i is the number of arrows from 0 to i. Y is the GIT quotient of∏ρ
i=1 Mat((s˜i−ri)× s˜i) by
∏ρ
i=1 GL(s˜i−ri) with stability condition in the positive
orthant. From the above, we can see that M(Q, r) is the GIT quotient of the
V ′ ⊂ V intersected with the stable locus. Here V ′ is characterised by (Mi) ∈ V ′ if
the following condition holds.
For each i, Mi is (s˜i− ri)× s˜i matrix. Each a ∈ Q1, t(a) = i corresponds to rs(a)
columns; this gives a partition of the columns of Mi. We can also partition the
rows where there is a subset for each a ∈ Q1, t(a) = i, s(a) 6= 0 of size s˜s(a) − rs(a),
and one remaining subset of size si − ri as
s˜i −
∑
a∈Q1,t(a)=i,s(a)6=0
(s˜s(a) − rs(a))− ri = si − ri.
One can see this by considering the conditions which define M(Q, r) in Y .
For this matrix to describe an element of V ′, the submatrix of Mi corresponding
to the rows given for a ∈ Q1, t(a) = i, s(a) 6= 0 is 0 except for the sub-submatrix of
corresponding to the columns determined by a: this sub-submatrix is Ms(a).
In this way we get coordinates on Y ′,
Lemma 4.3. Sections of det(S∗i )|M(Q,r) are spanned by the minors of Mi.
Proof. It is well known that sections of det(S∗i ) are given by maximal minors of
a (s˜i − ri) × s˜i matrix. It is clear from the above discussion that the restriction
of such a section to MQ is precisely a minor of the Mi. It suffices to show that
these generate the global sections of det(S∗i )|M(Q,r), but this follows as det(S∗i ) is
globally generated. 
These sections define an embedding M(Q, r)→∏ρi=1 P(s˜iri)−1. If for some mono-
mial order they are a SAGBI basis, we would obtain a toric degeneration of M(Q, r).
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4.3. Toric degenerations of Y shaped quivers. There is a class of quiver for
which we show the minors defined in the previous section form a SAGBI basis (it
then follows easily for products of such such quiver flag varieties). We call these
Y -shaped quivers, and they are characterised as follows. If {0, . . . , ρ} is a labelling
of the vertices such that nij = 0 if i ≥ j, then vertex 1 can have at most 2 arrows
out of it, and all other non-source vertices can have at most one arrow out. For
any vertex, there is at most one arrow in which has s(a) 6= 0. We can assume that
for all j > 1, there is a path 1→ j, as otherwise the associated quiver flag variety
is a product of two Y shaped quiver flag varieties. The quiver in Example 4.2 is
not a Y shaped quiver because of the double arrow.
Example 4.4. The following is an example of a Y shaped quiver:
By definition, there are at most 2 arrows out of vertex 1 in a Y shaped quiver.
If there are two, call them a1 and a2, and define a partition S
′
1 unionsq S′2 = {2, . . . , ρ}
by i ∈ S′j if the path from 1→ i contains aj . We write Si := S′i ∪ {1}. Essentially,
we just subdivide the two branches of the quiver. Denote the last vertex of the Si
branch ρi.
After graft-reducing (see [16] for details), we can assume that the ample cone
of a Y -shaped quiver is the positive orthant (in the basis given by the Wi) - this
follows from [16].
Let Q be a Y -shaped quiver. Let (Ai)
ρ
i=1 be the ρ matrices with coordinate
entries defined by the previous subsection for a Y -shaped quiver Q. For each i,
there are (si − ri)(s˜i) new variables appearing in Ai as the entries of si − ri rows.
We use the partition S′1 unionsq S′2 to define an order on these coordinates: variables
introduced in Ai take priority over variables introduced in A1 which take priority
over variables introduced in Aj , for i ∈ S′1 and j ∈ S′2. If i, j ∈ S1, j > i, variables
in Ai take priority over variables in Aj . The reverse is true for i, j ∈ S2. Otherwise,
the order on variables follows the lexicographical order on matrix entries. That is,
denote the new variables in Ai as x
(i)
j,k, 1 ≤ j ≤ si − ri, 1 ≤ k ≤ s˜i. For a given i,
x
(i)
11 > x
(i)
12 > · · · > x(i)(si−ri)s˜i .
Theorem 4.5. The ki × ki minors of the Ai for all i form a SAGBI basis under
the above defined order.
We follow [22] to prove the theorem. To do so, we first need to introduce the
analogue of Plu¨cker relations and find a Gro¨bner basis for them.
We can write all the Ai, i ∈ S1 (i ∈ S2) as sub-matrices in one matrix M1 (M2)
such that the bottom-aligned (top-aligned) minors of sizes s˜i − ri of M1 (M2) are
the maximal minors of all the Ai. Up to a permutation of the rows and columns,
Mj is equivalent to Aρj . Recall the construction of the Ai: the set of columns is
partitioned so that each subset corresponds to a ∈ Q1, t(a) = i. The set of rows
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is partitioned into sets correspond to a ∈ Q1, t(a) = i, s(a) 6= i and one more set
U of size si − ri. For j = 1, and i ∈ Sj , we order the rows so that rows from U
come first, and the rest are ordered from greatest to smallest s(a). Columns are
ordered similarly. For j = 2, we use the reverse formation. Then Mj = Aρj with
this ordering.
Example 4.6. Let Q be the quiver from Example 4.4. Let S′1 = {2} and S′2 =
{1, 3, 4}. Then
M1 =

x
(2)
11 x
(2)
12 x
(2)
13 x
(2)
14 x
(2)
15 x
(2)
16
x
(2)
21 x
(2)
22 x
(2)
23 x
(2)
24 x
(2)
25 x
(2)
26
x
(2)
31 x
(2)
32 x
(2)
33 x
(2)
34 x
(2)
35 x
(2)
36
0 x
(1)
11 x
(1)
12 x
(1)
13 x
(1)
14 x
(1)
15
0 x
(1)
21 x
(1)
22 x
(1)
23 x
(1)
24 x
(1)
25
 .
Similarly,
M2 =

x
(1)
11 x
(1)
12 x
(1)
13 x
(1)
14 x
(1)
15 0 0 0
x
(1)
21 x
(1)
22 x
(1)
23 x
(1)
24 x
(1)
25 0 0 0
x
(3)
11 x
(3)
12 x
(3)
13 x
(3)
14 x
(3)
15 x
(3)
16 x
(3)
17 0
x
(3)
21 x
(3)
22 x
(3)
23 x
(3)
24 x
(3)
25 x
(3)
26 x
(3)
27 0
x
(3)
31 x
(3)
32 x
(3)
33 x
(3)
34 x
(3)
35 x
(3)
36 x
(3)
37 0
x
(4)
11 x
(4)
12 x
(4)
13 x
(4)
14 x
(4)
15 x
(4)
16 x
(4)
17 x
(4)
18
x
(4)
21 x
(4)
22 x
(4)
23 x
(4)
24 x
(4)
25 x
(4)
26 x
(4)
27 x
(4)
28

.
We index the columns of M1 from {1, . . . , s˜ρ1}, but we shift the index of M2 so
that the columns are numbered {s˜ρ1 − s˜1 + 1, . . . , s˜ρ1 − s˜1 + s˜ρ2}.
We are interested in finding a SAGBI basis for bottom–aligned minors of M1
and the upper–aligned minors of M2 of sizes s˜i − ri, i ∈ Q0. The diagonal term of
a minor is the monomial given by taking the product of the diagonal entries of the
associated sub-matrix. The initial term of a non-zero minor of M1 or M2 is the
diagonal monomial.
Use M1 and M2 to relabel the x
(i)
jk by setting the entries of M1 to be [m
(1)
ij ]
and the entries of M2 to be [m
(2)
ij ] where j runs through the column sets described
above. Some of the mij are zero. A monomial in the x
(i)
j,k can be written uniquely
as the product of
m
(1)
1i11
m
(1)
1i12
· · ·m(1)1i1l1m
(1)
2i21
· · ·m(1)2i2l2 · · ·m
(1)
a1−bia11 · · ·m
(1)
a1−bia1−bla1−b
,
and
m
(2)
1j11
m
(2)
1j12
· · ·m(2)1j1k1m
(2)
2j21
· · ·m(2)2j2k2 · · ·m
(2)
a2ja21
· · ·m(2)a2ja2ka2 .
Both products are ordered products, repetitions are allowed, and ist ≤ ist+1 and
jst ≤ jst+1. Here b = s˜1 − r1 and ai = s˜ρi − rρi .
This monomial is the initial term of a product of minors of the Ai if the following
holds:
• l1 ≤ l2 · · · ≤ la1−b, ipq < ip+1q,
• ia1−b,q < j1,q+k1−la1−b,q ,• la1 − la1−b ≥ k1 ≥ k2 · · · ≥ ka1 , jpq < jp+1q.
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Since we are not considering all minors, but only ones of certain sizes, we require
that for each subset of rows in the partition of the rows of Mj , the lk is the same.
The above conditions are equivalent to saying that the ipq and jpq form a semi-
standard skew Young tableau. The semi-standard skew Young tableau is of shape
{l1 + c, . . . , la1−b + c, k1, . . . , ka2}/ {c, . . . , c}︸ ︷︷ ︸
a1−b times
, c = k1 − la1−b
with decorations on row p given by ip,1, . . . , ip,lp for the first a1 − b rows and by
jp,1, . . . , jp,kp for the rest.
The example below illustrates this.
Example 4.7. Continuing the previous example, the monomial
x
(2)
11 x
(2)
22 x
(2)
33 x
(1)
11 (x
(1)
13 )
2x
(1)
22 x
(1)
24 x
(1)
25 x
(3)
13 x
(3)
24 x
(3)
35 x
(4)
16 x
(4)
27 x
(4)
38
can be re-written as
m
(1)
11 m
(1)
22 m
(1)
33 m
(2)
12 m
(2)
14 m
(2)
14 m
(2)
23 m
(2)
25 m
(2)
26 m
(2)
43 m
(2)
54 m
(2)
65 m
(2)
76 m
(2)
87 m
(2)
98 .
This corresponds to the semi-standard skew Young tableau
: : 1
: : 2
: : 3
244
356
4
5
6
7
8
Definition 4.8. Let PQ be the ring C[p1σ, p2σ] where p1σ runs over strictly increasing
sequences σ with entries from {1, . . . , s˜ρ1} of sizes s˜i − ri, i ∈ S′1 and p2σ runs over
strictly increasing sequences σ with entries from
{s˜ρ1 − s˜1 + 1, . . . , s˜ρ1 − s˜1 + s˜ρ2}
of sizes s˜i − ri, i ∈ S2. Moreover, we only consider σ such that piσ does not define
an identically zero minor on Mi.
There is a natural map φ : PQ → C[x(k)ij ]. It is defined by mapping p1σ to the
minor of M1 indexed by columns σ and rows {s˜ρ1 − |σ|+ 1, . . . , s˜ρ1}, and p2σ to the
minor of M2 indexed by columns σ and rows {1, . . . , |σ|}.
We now define a partial order, ≤, on the variables of PQ.
Definition 4.9. Let σ = {σ1 < σ2 < · · · < σk} and τ = {τ1 < · · · < τl}. Let σ′ be
the partition formed by taking the last b = s˜1− r1 entries of σ, and σ′′ the partition
formed by taking the first b entries. Then piσ ≤ pjτ if one of the following cases
holds:
• i = j = 2 and |σ| ≥ |τ | and σs ≤ τs for all s ≤ l,
• i = j = 1 and |σ| ≤ |τ | and σs ≤ τs for all s ≤ k,
• i = 2 and j = 1 and σ′s ≤ τ ′′s for all s.
We can extend this to a total order, ≺, where we say that piσ ≺ pjτ if one of the
following cases holds:
• i = j = 2 and |σ| ≥ |τ | and if |σ| = |τ | then σ comes before τ in the
lexicographic order,
• i = j = 1 and |σ| ≤ |τ | and if |σ| = |τ | then σ comes before τ in the
lexicographic order.
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• i = 2 and j = 1.
Extend ≺ to an ordering on the monomial of PQ using the reverse lexicographic
ordering.
Suppose we are given a monomial in C[x(i)jk ] which is the initial term of a polyno-
mial in the minors of the Ai. Consider the columns of the associated semi-standard
skew Young tableau. The set of decorations of a column is either given by σ = {ipq}p
or τ = {jpq}p, which define p1σ or p2τ respectively. It is clear semi-standard skew
Young tableau of these shapes correspond to monomials in PQ supported on chains
(under the partial order ≤). Call such monomials semi-standard.
Define the Plu¨cker algebra of the Y -shaped quiver Q to be im(φ).
Proposition 4.10. Semi-standard monomials are a basis for the Plu¨cker algebra
as a C-vector space.
Proof. We show the statement that a monomial is not in the initial ideal of ker(φ)
under ≺ if and only if it is semi-standard. This implies the proposition.
First, we show that for any incomparable pair piσ, p
j
τ , the product p
i
σp
j
τ is the
initial term (under ≺) of some polynomial in the kernel of φ. If i = j, then the proof
is identical (or symmetrical, if i = 1) to that in [22]. The zero matrix entries do not
pose a problem as any relation which holds in the larger ring generated by minors
of the matrix without zero entries certainly holds in the rings we are considering.
Suppose i = 1 and j = 2. Since p1σ and p
2
τ are incomparable, there exists k
minimal such that σ′k < τ
′′
k . If l is the index of σ
′
k in σ, and m the index of τ
′′
k is τ ,
consider
(2) σ1 < · · · < σl < τm < · · · < τ|τ |.
This sequence has length p = |σ| + |τ | − b + 1. As in [22], for any permutation
pi of {1, . . . , p}, define new partitions pi(σ) and pi(τ) such that elements not from
{σ1, . . . , σl} or {τm, . . . , τ|τ |} are left untouched, and these are permuted via pi. If
piα is not in PQ, we set it to zero. We claim that the sum
f =
∑
pi
sign(pi)p1pi(σ)p
2
pi(τ)
is in the kernel of φ. To see this, note that f also defines a function on the set of
p − 1 × s˜ρ1 + s˜ρ2 − s˜1 matrices. This is done by associating to p1α the top-aligned
minor with columns chosen by α; similarly, p2α is associated with the bottom-aligned
minor. Then f is multi-linear and alternating on the p columns indexed by (2).
It must therefore vanish as the space of columns is at most p − 1 dimensional.
Let M ′1 be the sub-matrix of M1 given by taking the bottom |σ| rows, and M ′2
the sub-matrix of M2 given by taking the top |τ | rows. Consider a matrix of size
p−1× s˜ρ1 + s˜ρ2 − s˜1 with M1 as a top right minor, and M2 as a bottom left minor,
and all other entries zero. M1 and M2 will overlap, but they agree on the overlap
by construction. Then φ(f) agrees with f thought of as a function on this large
matrix, and so φ(f) vanishes.
Note that p1σp
2
τ is the initial term of f , as for all pi,
p2pi(τ) ≺ p2τ ≺ p1σ ≺ p1pi(σ).
We have now shown that any non-semi-standard monomial is in in(ker(φ)). The
converse - that no semi-standard monomial is in the initial ideal of ker(φ) - can
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be argued precisely in the same way as [22], as we have shown that each initial
monomial has a unique semi-standard polynomial with this initial monomial.

We can now complete the proof of Theorem 4.5.
Proof. We have shown that a monomial m in C[xij ] is the initial term of φ(f),
where f is a monomial in PQ, if and and only if it defines a semi-standard skew
Young tableau of an appropriate shape. Now suppose m is the initial term of some
polynomial in im(φ). By the above proposition, we can write the polynomial as
im(g) where g is a sum of semi-standard monomials. Therefore m must again define
a semi-standard skew Young tableau of the appropriate shape.
This implies that the initial algebra is the vector space spanned by all monomials
given by semi-standard skew Young tableaux. Since every such monomial is the
product of the monomials given by each of the columns in the tableau, and the
monomial associated to a column is precisely the initial term of a minor of some
Ai, this concludes the proof. 
In the next section, we show that the degenerate toric variety associated to
this SAGBI basis is a canonical toric quiver variety and describe the quiver; this
description makes computations much easier.
5. Ladder diagrams for certain degenerations
In [2], the authors Batyrev, Ciocan-Fontanine, Kim, and van Straten use ladder
diagrams to give a concrete description of the toric variety to which the flag variety
degenerates. In this section, we give a new description of the degenerate toric
variety by considering the ladder diagram as a quiver. We then generalise this
construction to the degenerations of the Y -shaped quiver described in the previous
section.
For a general definition of a ladder diagram of a flag variety, see Definition 2.1.1
in [2]. It can also be described as follows: the ladder diagram of Gr(n, r) is an
n − r × r grid of unit squares such that the bottom left corner is at (0, 0). Let O
denote this vertex. For example, the ladder diagram of Gr(5, 2) is
where O is marked. The ladder diagram of Fl(n, r1, . . . , rρ) is the union of the ladder
diagrams of Gr(n, ri) for all i: for example, the ladder diagram of Fl(5, 3, 2, 1) is
.
The authors in [2] associate to the ladder diagram another graph, and then describe
the polytope of the degeneration of the flag variety given above by paths in the this
graph. Instead, we associate to the ladder diagram a quiver.
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The first step is to add more vertices to the ladder diagram. For Gr(n, r), add
vertices at (i, j) for 1 ≤ j < r, 1 ≤ i < n− r and at (n− r, r). So for Gr(5, 2), the
new diagram is
For a flag variety, the new diagram is again the union of the diagrams for each
Gr(n, ri), with an extra vertex at (ni−1 − ri−1, ri) for each i > 1. So the ladder
diagram for Fl(5, 3, 2, 1) is
.
To make this a quiver, we consider paths between vertices where one is allowed to
travel up and to the right only. Then this defines a quiver where the vertices are
the vertices in the ladder diagram, and the number of arrows between two vertices
is the number of paths in the diagram between them. Call this quiver the ladder
quiver L(n, r1, . . . , rρ). Define a dimension vector by setting all vertices to have
dimension 1. Just as in the construction of quiver flag varieties, this quiver and
dimension vector determines a vector space V and a torus T acting on V . Instead
of taking the GIT quotient with stability condition (1, . . . , 1), we instead define the
toric variety X(n, r1, . . . , rρ) to be the GIT quotient with stability condition given
so that X(n, r1, . . . , rρ) is Fano (i.e. the stability condition is the sum of the weights
of the action of T on V ).
For example, the quiver with dimension vector associated to Gr(5, 2) is
Theorem 5.1. The degenerate toric variety described by [14] and in the previous
section is X(n, r1, . . . , rρ).
Proof. Sketch. In [2] they describe the rays of the fan of the Fano toric variety
of [14]. It suffices to check that the cokernel of the ray map is precisely given by
the weights of the toric variety described above, as the higher dimensional cones
are determined by the fact that the toric variety is Fano. 
The path from the source to the vertex (ri, n − ri) corresponds to a Weil divisor
which is in fact Cartier. Call the associated line bundle Li. These line bundles
are globally generated and define an embedding into a product of projective spaces
which is shown to be precisely the image of the Plu¨cker map. We call the target
vertices of the Li the external vertices.
We now define ladder quivers for Fano Y -shaped quivers. First, suppose Q is
a Fano Y -shaped quiver such that there is only one arrow out of vertex 1. An
example of such a quiver is
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Build the ladder diagram almost exactly as for the flag case: it is the union of the
ladder diagrams of Gr(s˜i, ri) for i = 1, . . . , ρ; however, we truncate this diagram
by insisting that the maximum height of the diagram between x = 0 and s˜i − ri
is at most ri. We add vertices as in the flag case: at interior points and at the
intersection points (s˜i−1− ri−1, ri) for each i > 1. The ladder diagram of the above
example is then:
.
One notices that the corresponding toric variety has the correct dimension.
We can now describe the proposed ladder diagram of a general Fano Y shaped
quiver Q. Assume that there are exactly two arrows out of vertex 1. Recall that
we have partitioned the non-source vertices {2, . . . , ρ} = S′1unionsqS′2 according to which
of the two branches of the quiver the vertex is on. Consider subquiver of Q with
vertices S2 ∪ {0, 1}: this is a Y -shaped quiver for which we know how to build a
ladder diagram. Take this ladder diagram, and reflect it across the y = −x axis,
and then translate it so that what was the origin is at (s˜1 − r1, r1). The ladder
diagram of Q is the union of this ladder diagram with the ladder diagram of the
second subquiver with vertices S1 ∪ {0, 1}.
Example 5.2. We draw the ladder diagram for
Set S1 := {1, 3, 4}, S2 := {1, 2}, . The reflected diagram of the quiver with vertices
{0, 1, 2} and the ladder diagram of the quiver with vertices {0, 1, 3, 4} are pictured
below:
.
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The ladder diagram for the entire quiver is
.
As in the flag case, we can define a toric variety using the ladder diagram of
a Y -shaped quiver, by interpreting the ladder diagram as a quiver. We call this
the ladder quiver, L(Q). The vertex at (0, 0) is taken to be the source (in that we
quotient by the C∗ to obtain an effective action, as for quiver flag varieties).
Denote the set of the arrows of L(Q) as L(Q)1, and the set of vertices as L(Q)0.
The divisor data for L(Q) is given as follows. Label the vertices x0, . . . , xl for some
l, where x0 is the vertex at (0, 0). Let K = (C∗)l be the torus. Let ei, i = 1, . . . , l
be the standard basis of the character lattice L∨ of K. Set e0 = 0. For each arrow
a ∈ L(Q)1 from xi to xj , denote by Da ∈ L∨ the weight Da = −ei + ej . The
weights are given by the Da for all arrows a in L(Q). The stability condition is
wQ =
∑
a∈L(Q)1 Da. The associated Fano toric variety is denoted X(Q). The class
group of X(Q) can be identified with L∨.
Sets of arrows - and in particular, paths - define divisors by summing the divisors
associated to the arrows in the set. When we say the divisor associated to a path,
we mean the associated element in L∨ - the divisor up to linear equivalence.
Inherited from the ladder diagrams of the two legs of the Y -shaped quiver is
the notion of external vertices. There is an external vertex vi ∈ L(Q)0 for each
i ∈ Q1 −{0}. Denote the source vertices from the two legs of the quiver as O1 and
O2. Then O2 is x0 and O1 is the external vertex associated to 1 ∈ Q1.
Again, we can associate Weil divisorsDi ∈ Cl(X(Q)) for each vertex i ∈ Q0−{0}.
For i ∈ Sj , Di is the divisor associated to a path in LQ between Oj and vi. The
anti-canonical divisor corresponds to w under the isomorphism Cl(X(Q)) ∼= L∨.
The vertex xj , j ∈ L(Q)0 coefficient of −KX(Q) = w ∈ L∨ is the number of the
arrows out minus the number of arrows into xj . Notice that all vertices except
the external vertices and the source have the same number of arrows in and out.
Therefore −KL(Q) is in the sub-space generated by the vectors associated to the
the external vertices. In fact, it isn’t hard to see that if −KMQ =
∑ρ
i=1 cic1(Wi),
then
(3) −KL(Q) =
ρ∑
i=1
ciDi.
We now describe the minimal anti-cones of X(Q). By definition, a minimal
anti-cone is a minimal subset S ⊂ L(Q)1 such that the Da, a ∈ S span a cone in
L∨ containing w. They correspond to the maximal cones in the fan description
of the toric variety (see [6] for how to obtain a fan from the GIT construction of
a toric variety). Generalising [2], we show that each minimal anti-cone of X(Q)
corresponds to a collection of paths pi for each i ∈ Q1 − {0} such that
• pi is a path between Oj and vi, i ∈ Sj and
• the union of paths is the tree.
We call such a collection a meander.
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Lemma 5.3. The set of minimal anti-cones of X(Q) is in one-to-one correspon-
dence with the set of meanders.
Proof. The equation (3) shows that the ample cone is contained in the cone over
the Di. So in particular, any meander is an anti-cone. Suppose that there is some
collection of arrows (weights) in the quiver such that −KL(Q) is in their positive
span. Fix i ∈ S2 and let vi be the associated external vertex. Then one of the
arrows must be an arrow into vi. The source of the arrow is either another external
vertex or an internal vertex. In either case, there must be some arrow into it (as
−KL(Q) is in the positive span of these arrows). Eventually, one obtains a path to
the source. The sum of these arrows is Di.
Now suppose i ∈ S1. There is no path from vi to the source. By assumption,
there is some collection of arrows that make a path from vi to vj for some j ∈ S2.
If j = 1, then we are done. Otherwise, the path from vi to vj crosses the path from
the source v1 at a vertex, and so we can also construct a path from vi to v1. The
sum of the divisors corresponding to arrows in this path is Di. This shows that
there is a subset of the collection of arrows which defines a meander. 
Proposition 5.4. The Di are Cartier divisors. In particular, by (3), X(Q) is a
Gorenstein toric variety.
Proof. Associated to the GIT data is the exact sequence
0→M → Z|L(Q)1| pi−→ L∨ → 0
where pi is defined by taking the basis element associated to an arrow a to Da ∈ L∨.
The fan associated to the ladder quiver has rays in M . Dualise this sequence, and
let pi∨ be the transposed map L→ Z|L(Q)1|.
Fix i, and choose a path Π representing the divisor Di, so that Di =
∑
a∈Πi Da.
To show that Di is Cartier, it suffices to find for each maximal cone σ in the fan
(or equivalently, a meander) a linear function δσ : Z|L(Q)1| → Z vanishing on the
image of pi∨ and satisfying, for a ∈ L(Q)1 corresponding to a ray in σ,
δσ(ea) =
{
−1 a ∈ Πi
0 a 6∈ Πi
.
The cone σ also defines a path Pi between Oj and vi. A ray corresponding to an
arrow a is in the cone if a is not in the meander. Then define δσ as
δσ(ea) =

0 a 6∈ Pi and a 6∈ Πi
0 a ∈ Pi and a ∈ Πi
−1 a 6∈ Pi and a ∈ Πi
1 a ∈ Pi and a 6∈ Πi
.
To see that this vanishes on the image of pi∨, we just need to check that for each
non-source xj ∈ L(Q)1,∑
a∈L(Q)1,t(a)=xj
δσ(ea)−
∑
a∈L(Q)1,s(a)=xj
δσ(ea) = 0.
Let’s first check this for internal vertices. Each internal vertex has two arrows in,
and two arrows out. Suppose Pi passes through the vertex, but Πi does not. It is
easy to see that the above equation evaluates to 0. The other cases are similar.
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Now consider an external vertex in L(Q) corresponding to some j ∈ Q0. First
suppose j 6= i, 1. Then neither Pi nor Πi pass through any of these arrows, so the
equation is trivially satisfied. If j = i, then both Pi and Πi contain precisely one
arrow that has target (j ∈ S2) or source (j ∈ S1) vj . Either it is the same arrow or
not, but in any case the equation is again satisfied.
If j = 1, i 6= 1. Then Pi and Pj could pass through v1. But similarly to the
internal vertex case, the equation is still satisfied. 
Let Li be the line bundle associated to the Cartier divisor Di.
Corollary 5.5. The Li are nef and globally generated. Generators of Γ(Li) are
given by paths between Oj and vi, i ∈ Sj.
Proof. The previous results show that Li is nef. X(Q) is a toric variety, so Li is
globally generated. Sections of Li are given by Li graded monomials in the Cox
ring of X(Q), or equivalently, by collections of Da, a ∈ L(Q)1 such that their sum
is Di. The monomial is the product of the xa. Here xa is the generator in the Cox
ring associated to a ∈ L(Q)1. It suffices to show that any such collection defines a
path. This is clear because there are no loops in the directed quiver. 
We now show that the Li define an embedding of X(Q) into
∏ρ
i=1 P
(s˜iki)−1, and
then check that the image is precisely that of the SAGBI basis degeneration.
There is a natural identification between the sections of the Li and initial terms
of the monomials of the ith matrix from 4.2. We illustrate this for the quiver
flag variety in Example 5.2. The matrices which give the minors which define the
embedding of the quiver flag variety in
∏ρ
i=1 P
(s˜iki)−1 are
A1 =
x
(1)
11 x
(1)
12 x
(1)
13 x
(1)
14 x
(1)
15 x
(1)
16
x
(1)
21 x
(1)
22 x
(1)
23 x
(1)
24 x
(1)
25 x
(1)
26
x
(1)
31 x
(1)
32 x
(1)
33 x
(1)
34 x
(1)
35 x
(1)
36
 , A2 =

x
(1)
11 x
(1)
12 x
(1)
13 x
(1)
14 x
(1)
15 x
(1)
16
x
(1)
21 x
(1)
22 x
(1)
23 x
(1)
24 x
(1)
25 x
(1)
26
x
(1)
31 x
(1)
32 x
(1)
33 x
(1)
34 x
(1)
35 x
(1)
36
x
(2)
11 x
(2)
12 x
(2)
13 x
(2)
14 x
(2)
15 x
(2)
16
x
(2)
21 x
(2)
22 x
(2)
23 x
(2)
24 x
(2)
25 x
(2)
26
 ,
A3 =

x
(3)
11 x
(3)
12 x
(3)
13 x
(3)
14 x
(3)
15 x
(3)
16 x
(3)
17 x
(3)
18
0 0 x
(1)
11 x
(1)
12 x
(1)
13 x
(1)
14 x
(1)
15 x
(1)
16
0 0 x
(1)
21 x
(1)
22 x
(1)
23 x
(1)
24 x
(1)
25 x
(1)
26
0 0 x
(1)
31 x
(1)
32 x
(1)
33 x
(1)
34 x
(1)
35 x
(1)
36
 ,
A4 =

x
(4)
11 x
(4)
12 x
(4)
13 x
(4)
14 x
(4)
15 x
(4)
16 x
(4)
17 x
(4)
18 x
(4)
19
x
(4)
21 x
(4)
22 x
(4)
23 x
(4)
24 x
(4)
25 x
(4)
26 x
(4)
27 x
(4)
28 x
(4)
29
x
(4)
31 x
(4)
32 x
(4)
33 x
(4)
34 x
(4)
35 x
(4)
36 x
(4)
37 x
(4)
38 x
(4)
39
x
(4)
41 x
(4)
42 x
(4)
43 x
(4)
44 x
(4)
45 x
(4)
46 x
(4)
47 x
(4)
48 x
(4)
49
0 x
(3)
11 x
(3)
12 x
(3)
13 x
(3)
14 x
(3)
15 x
(3)
16 x
(3)
17 x
(3)
18
0 0 0 x
(1)
11 x
(1)
12 x
(1)
13 x
(1)
14 x
(1)
15 x
(1)
16
0 0 0 x
(1)
21 x
(1)
22 x
(1)
23 x
(1)
24 x
(1)
25 x
(1)
26
0 0 0 x
(1)
31 x
(1)
32 x
(1)
33 x
(1)
34 x
(1)
35 x
(1)
36

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The identification is given by labelling the ladder diagram of the quiver as follows:
x
(1)
11
x
(1)
12
x
(1)
13
x
(1)
14
x
(1)
22
x
(1)
23
x
(1)
24
x
(1)
25
x
(1)
33
x
(1)
34
x
(1)
35
x
(1)
36
x
(2)
14
x
(2)
15
x
(2)
25
x
(2)
26
x
(3)
11
x
(3)
12
x
(3)
13
x
(3)
14
x
(3)
15
x
(4)
11
x
(4)
12
x
(4)
22
x
(4)
23
x
(4)
33
x
(4)
34
x
(4)
44
x
(4)
45 .
For example, sections of L3 correspond to paths from (0, 0) (the blue vertex) to
(3, 4). For each such path, we identify it with the monomial which is the product
of all the variables in the path. So, for example, the path marked in red below
corresponds to x
(3)
13 x
(1)
12 x
(1)
23 , which is the initial term of the minor of A3 given by
the choice of columns 3, 4, 5.
.
This decoration of the ladder quiver also identifies paths between O and vj with
variables piα in PQ, where j ∈ Si and α is the set of columns appearing in the
monomial associated to the path. If piα corresponds t path p, we write xp = p
i
α. We
can identify a partial order on paths between O and vj for all j, given by p1 ≤ p2
if p1 is always below and to the right of p2. Then this partial order is precisely the
partial order given on the variables of PQ. It is easy to see that this partial order
is a distributive lattice.
Theorem 5.6. Let Y (Q) denote the toric variety given by the SAGBI degeneration
of a Fano, Y-shaped quiver flag variety Q. Then Y (Q) is isomorphic to X(Q).
Proof. The identification between sections of the Li and initial monomials of minors
of Ai shows that both X(Q) and Y (Q) are subvarieties of the same product of
projective spaces. It identifies the polynomial ring over the sections of all Li with
PQ. It suffices to check that the sections of Li and monomials satisfy the same
relations. That is, let ψ1 : PQ → C[x(i)jk ], piα 7→ in(φ(piα)). Sections of the Li
correspond to polynomials in the Cox ring of X(Q), C(X(Q)) = C[ya : a ∈ Q1].
We thus have a map
ψ2 : PQ → C(X(Q))
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defined by taking a section of Li to the corresponding monomial in the ya. It
suffices to check that
ker(ψ1) = ker(ψ2).
Both these ideals are generated by binomials. It is clear that they agree because
in both cases a binomial m1 −m2 lies in the kernel if and only if the union of the
supports of the paths in m1 is the same as that for m2. 
6. Mirrors of quiver flag zero loci
In this section, we use the ladder quiver to describe a method of finding mirrors
to Fano quiver flag zero loci. We associate to a quiver flag zero locus in a Y -
shaped quiver the weights and divisor data necessary for the Przyjalkowski method
(not necessarily admitting a convex partition). For complete intersections in flag
varieties, this was first proposed in [2]. We discuss an analogous phenomenon in the
Plu¨cker coordinate mirror of Rietsch–Marsh. We also explain when this method
cannot be applied.
6.1. The construction. Let L(Q) be a ladder diagram for some Fano Y -shaped
quiver Q. If X is a complete intersection in a Y -shaped quiver flag variety, then it is
cut out by sections of line bundles given by tensor powers of the det(Si)
∗ = det(Q).
By construction, these are the pullback of the tautological line bundles via the map
MQ →
ρ∏
i=1
Gr(s˜i, ri)→
ρ∏
i=1
P(
s˜i
ri
)−1.
As the degeneration of MQ is within this product of projective spaces, we see that
such a complete intersection degenerates to a complete intersection in X(Q). The
pullback of the jth tautological line bundle is Li on X(Q).
The situation for quiver flag zero loci which are not complete intersection is
less straightforward, essentially because the sections of SαWi cannot generally be
expressed with Plu¨cker coordinates. Thus there is no natural way to degenerate
a quiver flag zero locus. Instead we find direct sums of rank one reflexive sheaves
whose tensor product is Li and whose sections can be identified as living in the
same space as that of Wi.
Consider first a Grassmannian Gr(n, r). Sections of W1 can be identified with
sections of S∗ on the dual Grassmannian Gr(n, n− r). Under the Plu¨cker embed-
ding, the Grassmannian can be identified with the image of the
(
n
r
)
minors of full
rank r×n matrices. Sections of S∗ are spanned by columns of these matrices. The
Cox ring of Gr(n, n− r) is a sub-algebra of the C-algebra generated by the entries
of an r × n matrix - that is, as an algebra, it is generated by the minors of the
matrix.
Let Q be the quiver of the dual Grassmannian Gr(n, n− r) (unfortunately, this
duality cannot be removed). Understood as a GIT quotient by GL(r), the abelian-
isation is
∏r
i=1 Gr(n, 1), which naturally has Cox ring identified with the C-algebra
generated by the entries of an r × n matrix. In other words, the Cox ring of
Gr(n, n− r) is a sub-algebra of the abelianisation. Sections of S∗ are vector valued
and not part of the Cox ring, but they are direct sums of the elements of the Cox
ring of the abelianisation. That is, sections of S∗ can be identified with a subspace
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of
r⊕
i=1
C〈xij , j = 1, . . . , n〉.
Now consider Y (Q). We constructed it as the closure of the image of a map
from the maximal torus in Mat(r×n) = Crn given the leading terms of the minors.
As for the Grassmannian, (some) polynomials in the entries of the r × n matrix
give sections of line bundles and rank 1 reflexive sheaves. We use the ladder quiver
to identify precisely which rank 1 reflexive sheaves have sections of the form xij .
Choose a path from the source to the external vertex such that it can be broken into
r paths each of which have precisely one horizontal step. Let P be the collection
of these sub-paths. Then consider the sheaf
⊕
p∈P O(
∑
a∈pDa). By construction,
L1 =
⊗
p∈P O(
∑
a∈pDa). Moreover, the labeling appearing in the proof of Theorem
5.6 allows us to identify the sections of each O(∑a∈pDa) with a particular xij ,
which can be seen as an element of the Cox ring of the abelianisation. To conclude,
each such P identifies a direct sum of rank 1 reflexive sheaves whose sections are a
subspace of
r⊕
i=1
C〈xij , j = 1, . . . , n〉.
One can similarly trace direct sums of rank 1 reflexive sheaves who have an analo-
gous relation with Schur powers of the tautological quotient bundle.
The same principle works for a general quiver flag variety, as the ladder diagram
is built out of the ladder diagrams of each of the Grassmannian factors. There
are multiple choices of ri such divisors on X(n, r1, . . . , rρ) whose tensor product
corresponds to Li. For example, consider the three paths in Gr(6, 3):
In this way, we can associate to a quiver flag zero locus in a Fano Y -shaped quiver
a complete intersection in X(Q). Consider the following example of a quiver flag
zero locus (for which a Laurent polynomial mirror previously wasn’t known).
Example 6.1. Consider the quiver flag zero locus on Gr(8, 6) with bundles
∧5Q⊕ det(Q)⊕ det(Q).
The summand ∧5Q is a rank 6 bundle. Suppose L1, . . . , L6 are the 6 bundles on
X(8, 6) corresponding to Q (there’s only one choice here). By considering ∧5(L1⊕
· · ·⊕L6), it is clear that the six line bundles corresponding to ∧5Q X(8, 6) are given
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by the following six paths on the ladder diagram
The ladder diagram determines a weight matrix for X(8, 6):
1 1 −1 0 0 0 0 0 0 0 0 0 0 0 −1 −1 0 0
0 0 1 1 −1 0 0 0 0 0 0 0 0 −1 0 0 0 0
0 0 0 0 1 1 −1 0 0 0 0 0 −1 0 0 0 0 0
0 0 0 0 0 0 1 1 −1 0 0 −1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 −1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
 .
The weights for the line bundles (or rather divisors) are given by
0 0 −1 0 1 0 0 0
0 0 0 0 −1 1 0 0
0 0 0 0 0 −1 1 0
0 0 0 0 0 0 −1 1
0 0 0 1 0 0 0 −1
1 1 1 0 1 1 1 1
 .
The ladder diagrams give a way of picking a convex partition for these bundles.
One can formally follow the Przyjalkowski method (see [7]) to produce a Laurent
polynomial. This Laurent polynomial is not rigid maximally mutable, but it also
does not have the correct period sequence. There is a unique rigid maximally mutable
Laurent polynomial on the Newton polytope of this polynomial. It has the correct
classical period, up to 10 terms. The Laurent polynomial is
xyzw + xyz + xyw + 2xy + xy/w + xzw + xz
+ xw + 2x+ x/w + x/z + x/(zw) + yzw + yz + yw
+ 2y + y/w + zw + z + w + 2/w + 2/z + 2/(zw) + 1/y
+ 1/(yw) + 1/(yz) + 1/(yzw) + 1/x+ 1/(xw) + 1/(xz) + 1/(xzw) + 1/(xy)
+ 1/(xyw) + 1/(xyz) + 1/(xyzw).
We can generalise the above discussion to the ladder diagrams of Y -shaped quiv-
ers, because they are built out of the ladder diagrams of Grassmannian factors.
6.2. Connection to the Plu¨cker coordinate mirror of the Grasssmannian.
Before giving more examples of this construction for Y -shaped quiver flag varieties,
we explain how a similar phenomenon arises in the Plu¨cker coordinate mirror of the
Grassmannian (which we call WP ) of [21]. They propose a mirror for the Grassman-
nian using the quantum cohomology ring of the dual Grassmannian. The mirrors
produced by the method proposed here for quiver flag zero loci are conjectural;
even the fact that Hori–Vafa mirror of X(Q) is a mirror of MQ when MQ is a flag
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variety is conjectural. The only case where this is known is for the Grassmannian;
this is proved in [21] as a corollary of statements shown about WP .
We briefly recall the construction of WP . The quantum cohomology ring of the
Grassmannian Gr(n, k) is generated by Schur polynomials in the Chern roots of
the tautological quotient bundle E. The partitions allowed are those such that
the corresponding Young tableau fit inside a k × n − k rectangle. For example,
c1(W ) = s and 1 = s∅. Multiplication is given by quantum Schubert calculus.
A partition is called rectangular if the associated Young tableau is a rectangle.
There are n rectangular partitions which are either maximally wide or maximally
long (i.e. k × j rectangles or j × n− k rectangles). Let λ be such a partition. If λ
is not the maximal rectangle, there is exactly one way to add a single box to the
rectangle while fitting inside a k × n− k box: call this partition λ′. The following
identity holds in quantum cohomology:
s ∗ sλ = sλ′ .
If λ is the maximal rectangle, then let λ′ be the partition coming from the k− 1×
n− k − 1 rectangle. Then we have
s ∗ sλ = qsλ′
where q is the quantum parameter in quantum cohomology.
Each of these n equations gives a description of s , up to localising the rectan-
gular Schur polynomials. For example, for Gr(4, 2), the following relations hold:
s
s∅
=
s
s
=
s
s
=
qs
s
.
The Plu¨cker coordinate mirror WP is the sum of these n descriptions of s , with
each Schur polynomial reinterpreted as a Plu¨cker coordinate. This is done by
interpreting the Young tableau as tracing out a path inside the k × n − k grid of
boxes and looking at where the vertical steps are – this gives a subset of {1, . . . , n}
which corrresponds to a Plu¨cker coordinate in the usual way. For example, s
corresponds to p13 on Gr(4, 2). The mirror for Gr(4, 2) is thus
WP =
p
p∅
+
p
p
+
p
p
+
qp
p
.
Given a cluster seed (which in particular is a collection of algebraically indepen-
dent elements of the coordinate ring), one can write WP as a Laurent polynomial
in the elements of the seed. There is a distinguished seed consisting of the rec-
tangle Plu¨cker coordinates. In this seed, WP agrees with Eguchi–Hori–Xiong [11]
mirror for the Grassmannian. The EHX mirror is the Laurent polynomial mirror
of the Gelfand–Cetlin toric degeneration of the Grassmannian. One could write
down the EHX mirror (in a different basis) by considering the Hori–Vafa mirror to
X(Q), where Gr(n, k) = M(Q, (1, k)), but the usual description is the head over
tails version, which we now explain.
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To construct this, draw a dual ladder diagram, pictured below in blue for Gr(4, 2).
For a general Grassmannian, this is formed by putting a vertex in each square
of of the ladder diagram, and drawing vertical and horizontal arrows between the
vertices oriented down and left. There are two extra arrows, in the top left corner
and the bottom right, oriented as in the example. Notice that each arrow in the
ladder quiver is crossed precisely once by an arrow in the dual ladder diagram -
the two sets of arrows are in 1:1 correspondence. Note that the number of internal
vertices is precisely the dimension of Grassmannian. The head over tails mirror is
given by assigning a variable to each internal vertex in the quiver, and setting the
top external vertex to 1 and the right one to q. The mirror is then
WEHX =
∑
arrows
zt(a)
zs(a)
.
Remark 6.2. For a Fano Y -shaped quiver, a dual ladder diagram can also be
drawn; this gives an alternative description of the mirror of X(Q) as the heads
over tail mirror of this dual ladder diagram. Note, in particular, that the number
of boxes in the ladder diagram is the dimension of MQ.
We can naturally label the vertices as zij where 1 ≤ i ≤ k and 1 ≤ j ≤ n − k.
To see that this construction agrees with the Hori–Vafa mirror (up to a GL(Z)
transformation, and setting q = 1) is precisely the check that the two descriptions
of X(Q) (the quiver description and the one given in [2]) agree.
The identification between the EHX mirror and Plu¨cker coordinate mirror WP
is then done as follows. Set zi,j =
pi×j
pi−1×j−1
, where pi×j is the Plu¨cker coordinate
corresponding to the partition associated with the i × j rectangle, and setting
p∅ = 1 as before. In [21], they show that under this change of coordinates Weguchi
is precisely the expansion of the Plu¨cker coordinate mirror in the rectangles chart.
In fact, this identification can be done monomial by monomial in WP , by looking
at columns of horizontal arrow and rows of vertical arrows (this will be explained
in a forthcoming paper by Rietsch and Williams). There are n− k − 1 columns of
horizontal arrows in the dual ladder diagram. For example, in the above example,
there is one column: those arrows in red below.
There are k − 1 rows of vertical arrows (in the above example, there is only one
row, consisting of the two internal blue arrows). The sum of monomials in a row
or column corresponding to arrows in a vertical column can be simplified via the
Plu¨cker relations to exactly one of the monomials in WP . The remaining two terms
of WP come from the arrows associated to the external vertices. In this example,
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summing over the single column of horizontal arrows we see that
p
p
+
p
p p
=
p
p
.
We have seen that under the Gelfand–Cetlin toric degeneration, the tautological
quotient bundle E corresponds to sets of k rank 1 reflexive sheaves. For example,
each path from 0 to v1 with k consecutive vertical steps through the interior of
the ladder diagram gives such a set. There are n− k − 1 such paths in the ladder
diagram, call them P1, . . . , Pn−k−1. The tensor product of these sheaves is c1(L1)
by construction, which under the degeneration is exactly c1(E). Here, we see that
in the rectangles chart, precisely n − k − 1 of the monomials in WP split into k
monomials. That is, we obtain a way of writing c1(E) = s as k terms. Moreover,
each of splittings of s corresponds a column of horizontal arrows in the dual
ladder diagram. Each of these horizontal arrows correspond to an arrow in the
ladder quiver, and together these trace out a path in the ladder quiver. The paths
which arise in this manner are precisely the Pi.
6.3. More examples.
Example 6.3. Consider the quiver flag zero locus given by the quiver
with bundles W1⊗W2. This Fano variety has PID 115 (see the tables in the appen-
dicies of [16]). The paths on the ladder diagram which give the divisors suggested
by the above method is
.
Again, to find a mirror with the correct period sequence, one must find a rigid
maximally mutable Laurent polynomial supported on the resulting Newton polytope.
This is
x+yw+y+z+w+1/x+1/(xw)+1/(xz)+z/(xyw)+1/(xy)+1/(xyw)+1/(xyz)
Example 6.4. Consider the quiver flag zero locus given by the quiver flag variety
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and bundle W1⊕W2. It corresponds to PID 20. The toric degeneration is given by
the following ladder diagram:
.
The mirror produced is
x+ y + z + w + z/y + 1/(yw) + w/x+ 1/(xz).
Example 6.5. Consider the quiver flag zero locus with PID 232 given by the quiver
flag variety
and the quiver flag bundles det(W1) ⊕W1 ⊗W3. The ladder diagram and paths
given by the prescribed method are
The mirror is
x+ y + z + w + w/y + 1/y + 1/x+ 1/(xw)
+1/(xz) + 1/(xzw) + 2/(xy) + 1/(xyw) + 1/(xyz) + 1/(xyzw) + 1/(x2zw)
+1/(x2yw) + 2/(x2yzw) + 1/(x2yzw2) + 1/(x3yzw2).
Of the 141 Fano fourfolds found in [16], all can be modeled as quiver flag zero
loci in a Y-shaped quiver. For 99 of these, the methods above produce a candidate
Laurent polynomial mirror. Many of the remaining did not have a convex partition
supporting the choice of line bundles. The next example is an example of this;
in this case (but not usually), one is able to find a degeneration of the complete
intersection to a toric variety; we find the Laurent polynomial associated to this
toric variety and after taking the rigid maximally mutable Laurent polynomial on
its polytope, find a mirror.
Example 6.6 (PID 104). Consider the quiver flag variety obtained from the quiver
flag variety with PID 104 in the tables by grafting:
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.
The quiver flag zero locus is given by bundles W1 ⊗ W4 ⊕ W2 ⊗ W4. The toric
degeneration is given by the product of the 3 toric varieties given by the three ladder
diagrams below:
.
Notice that there is no convex partition which will give these bundles, because there
is no choice of basis of divisors in the first ladder diagram such that all chosen
divisors are in the positive span. We instead construct a toric degeneration, using
similar ideas to that of [10]. Suppose the fan of toric variety is in the lattice NR.
I find v1, . . . , v4 ∈ (N∨)R such that they define binomial sections of the four line
bundles; the associated toric subvariety has the following Laurent polynomial mirror,
with matching period sequence.
x+y+z+w+y/(xw)+1/x+1/(xw)+w/(xz)+1/(xz)+1/(xy)+w/(xyz)+1/(xyz)
In other examples, the degeneration of the ambient quiver flag variety has too
low Picard rank. Consider the quiver flag variety which appeared in one of the
factors in the previous example:
with toric degeneration given by the ladder diagram
.
Notice that from the quiver flag variety, we would expect to have a class group of
rank at least 3 (generated by two Weil divisors coming from W2 and one Cartier
divisor from W1), but the toric degeneration has rank only 2. In the previous
example, we are still able to find a mirror, because the bundles only involve W2.
However, in the case of PID 15, where the quiver flag variety is
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and the bundles are W1 ⊗W2, this method fails to produce a mirror. The ladder
diagram is
,
so we see that one of the summands of W2 and W1 degenerate to the same bundle.
In the theorem below, we show that for a Fano complete intersection in a Fano
Y -shaped quiver, there is always a convex partition for the degenerate toric variety
and line bundles.
Theorem 6.7. For any Fano complete intersection in a Y-shaped quiver flag va-
riety, the extended Przyjalkowski method can be applied to produce a Laurent poly-
nomial.
Proof. Let Q be a Y-shaped quiver, and i ∈ Sj . First, we show that there are si−s′i
non-overlapping paths between Oj and i. We could translate this statement to the
statement that there is a length
∑
i si − s′i chain under the partial order ≤ on the
plσ, such that si − s′i of the paths are between Oj and vi.
Consider first the ladder quiver of a Grassmannian, which is from an n − r × r
grid of boxes. There are clearly n distinct paths from the source to single external
vertex v1. For example, for Gr(4, 2), consider the following four paths:
.
In general, we can choose them in this way (starting with the path that goes as
east for n − r steps, the north for r steps, then the one that goes east n − r − 1
steps, then north, then east, then north until it reaches vi, and so on). Label the n
paths chosen in this way from 1, . . . , n from bottom/right to top/left.
Now consider a general Fano Y -shaped quiver. We first show the paths in an
example. Consider the ladder diagram of the quiver 5.2:
.
The colors give partition of the paths: there are five paths in the yellow region
(which cover the yellow region) from O1 to v4, four paths in the red region from
O1 to v3, one path in the blue region from O1 to v1, and three paths in the green
region from v2 to O2. In each case, the number of paths in the prescribed region is
si − s′i.
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In the general case, consider one vertex i which is not 1 or the source. Suppose
we have labeled the vertices such that next vertex on the leg is i+ 1, if it is exists,
and the previous one is i−1. The ladder quiver contains (part) of the ladder quiver
of Gr(s˜i, ri). Select the paths corresponding to ri+1+1, . . . , ri, ri+1, . . . , si−(si−1−
ri−1), a total of si− si−1 + ri−1− ri+1 = si− s′i paths on the Grassmannian ladder
(and also on the sub-ladder quiver of Q corresponding to i). The way in which the
grids are overlayed ensure that we choose in this way distinct paths for all i 6= 1.
The paths chosen for i = 1 is precisely what remains - it is easy to see that there
are s1 − s′1 remaining paths.
Now suppose that we are given the data of a Fano complete intersection in a
Fano Y -shaped quiver flag variety. The complete intersection is given by a direct
sum of line bundles each of the form det(W1)
⊗a1 ⊗ · · · ⊗ det(Wρ)⊗aρ . We now
translate the combinatorial requirements of the extended Przyjalkowski method to
the quiver. Arrows on the quiver correspond to weights of the toric variety. Paths
(or collections of paths) correspond to sums of the weights associated to each of the
arrows. Notice that the paths described above partition the arrows of the ladder
quiver into
∑
i si − s′i subsets.
First, we choose a subset of the arrows corresponding to a basis. For each i, let bi
be a path between Oj and vi which can be broken into a maximal number of steps.
Let B0 be the maximal set of arrows in all of these paths such that they are linearly
independent. Extend B0 to a basis by choosing arrows into each vertex - this is
B1. Considering the arrows not contained in B0, we see there is at least enough to
build si − s′i − 1 paths between Oj and vi for each i. Each of these correspond to
a copy of det(Wi). There fact that we are given a Fano toric complete intersection
ensures that each det(Wi) appears no more than si − s′i − 1 times as a factor in
all of the line bundles. This means that we can choose a convex partition for these
line bundles, and hence apply the extended Przyjalkowsi method. 
To find mirrors of quiver flag zero loci more generally, we need to find good
degenerations of quiver flag varieties beyond Y shaped quivers. We give one ex-
ample of such a degeneration; a SAGBI basis degeneration of the sections of the
det(S∗i ) (see 4.2) which cannot be represented as a ladder diagram: instead it is
represented by a bound ladder diagram. Bound quivers were introduced in [9] as
certain subvarieties of toric quiver flag varieties.
Consider the quiver flag variety MQ
.
The coordinates on MQ given by §4.2 are the maximal minors of the matrices
[
x11 x12 x13 x14
x21 x22 x23 x24
]
,

x11 x12 x13 x14 0 0 0 0
x21 x22 x23 x24 0 0 0 0
0 0 0 0 x11 x12 x13 x14
0 0 0 0 x21 x22 x23 x24
z11 z12 z13 z14 z15 z16 z17 z18
z21 z22 z23 z24 z25 z26 z27 z28
z31 z32 z33 z34 z35 z36 z37 z38

.
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These minors define MQ as a subvariety of P5 × P6. Define a monomial ordering
induced by
z1i1 > x1i2 > z2i3 > x2i4 > z3i5
and the lex ordering within the rows. This defines a toric degeneration of MQ; the
associated Laurent polynomial has correct period sequence. One can also describe
the degeneration as a subvariety of the ladder diagram
Notice that the ladder diagram is the ladder diagram for the quiver flag variety
.
MQ is a subvariety of this quiver flag variety cut out by a section of S
∗
1 ⊗W2.
To describe the subvariety of the ladder diagram, recall that each arrow in the
corresponding ladder quiver determines a variable in the Cox ring of the toric
variety. We label the vertices in the ladder diagram by their Cartesian coordinates,
so that the source is at (0, 0). We draw the relevant arrows on the diagram below,
and label them in the text for further clarity.
x1 x2 x3
y1 y2
y3 y4
y5
Label three of the paths from (0, 0) to (7, 1) with variables x1, x2, x3 (these arrows
are marked in yellow on the above diagram). Label the arrow from from (0, 1) to
(2, 2) as y1 (in red), the arrow from (1, 1) to (2, 2) as y2 (in green), the arrow from
(0, 1) to (1, 1) as y3 (in blue), the arrow from (1, 1) to (2, 1) as y4 (in orange), and
the arrow from (2, 1) to (2, 2) as y5 (in purple). Then the ideal determining the
toric variety is given by the binomial relations
(x1y2y3 − y1x2, x1y3y4y5 − y1x3, x2y3y4y5 − x3y2y3).
In other words, this identifies the right most two boxes with the uppermost two
boxes.
The quiver flag zero locus X given by MQ and the bundle W
⊕3
2 has period
sequence PID 29. Pulling back the divisors indicated by choosing three distinct
paths from (0, 0) to (7, 1) in the ladder diagram result in the following candidate
Laurent polynomial mirror with matching period sequence (up to 20 terms) to X:
x+ y + z + w + w/z + 1/(yz) + z/(xw) + 1/(xw) + 1/(xy) + 1/(xyz).
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Below, we record Laurent polynomial mirrors for 99 of the 141 Fano quiver flag
zero loci found in [16]. The Period ID refers to the indexing system in that paper
- descriptions of the Fano varieties can be found there.
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Table 1: Mirrors to some four dimensional Fano quiver flag zero
loci
Period ID Laurent polynomial mirror
20 x+ y + w + z + z/y + 1/(yw) + w/x+ 1/(xz)
25 x+ y + w + z + z/w + 1/(xz) + w/(xy) + w/(xyz) + 2/(xy) + w/(x2y2z)
29 x+ y + w + w/z + z + 1/(yz) + z/(xw) + 1/(xw) + 1/(xy) + 1/(xyz)
101 x+ x/y + y + w + z + 1/(wz) + 1/(yz) + 1/x
102 x+ x/y + x/(ywz) + y + w + z + w/y + 2/(yz) + 1/x+ w/(xyz)
104 x+ y + w + z + y/(xw) + w/(xz) + 1/x+ 1/(xz) + 1/(xw) + w/(xyz) + 1/(xy) + 1/(xyz)
109 x+ y + w + z + z/w + w/y + z/y + 1/x+ 1/(xz) + 1/(xw) + w/(xyz) + 1/(xy)
115 x+ yw + y + w + z + 1/x+ 1/(xz) + 1/(xw) + 1/(xy) + 1/(xyz) + z/(xyw) + 1/(xyw)
116 x+ x/w + x/y + x/(yw) + y + w + z + w/(yz) + 2/(yz) + 1/(ywz) + 1/x
126 x2/(y2w) + x+ 2x/y + x/(yw) + x/(y2wz) + y + w + z + 2/(yz) + 1/(ywz) + w/(xz) + 1/x+ 1/(xz)
142 x+ y + w + z + 1/y + 1/(yz) + 1/(y2wz) + 1/x+ 1/(xywz)
154 x+ y + w + z + 1/y + 1/(yz) + z/x+ 1/x+ 1/(xyw) + 1/(xywz)
173 xy/(wz) + x+ y + w + z + 1/(wz) + 1/y + 1/x+ 1/(xy)
178 x+ y + y/z + w + z + 1/(wz) + 1/y + z/x+ 1/x
188 x+ y + w + z + w/y + 1/y + 1/x+ 2/(xz) + 1/(xwz) + 2/(xyz) + 1/(xywz) + 1/(x2wz2) + 1/(x2ywz2)
190
x+ y + w + z + z/y + z2/(yw) + z/(yw) + w/x+ w/(xz) + z/x+ 2/x+ 1/(xz) + z/(xy) + 1/(xy) + z2/(xyw) +
2z/(xyw) + 1/(xyw)
195 x+ y + w + z + w/y + y/(xz) + 2/x+ 1/(xz) + z/(xw) + 2/(xy) + 1/(x2w) + 1/(x2yw)
201 x+ y + w + z + z/y + 1/y + 1/(yw) + w/x+ 1/x+ 1/(xz) + 1/(xy) + 1/(xywz)
202 x+ y + w + z + 1/(wz) + 1/y + 1/(ywz) + y/x+ 1/x+ 1/(xz) + 1/(xyz)
211 x+y+wz+w+z+z/y+1/y+wz/x+w/x+1/x+1/(xz)+2z/(xy)+2/(xy)+1/(xyw)+1/(xywz)+z/(xy2w)+1/(xy2w)
212 x+ y + w + z + w/(yz) + 2/(yz) + 1/(ywz) + w/x+ 2/x+ 1/(xw) + w/(xyz) + 2/(xyz) + 1/(xywz)
219 x+ y + w + w/z + z + w/(yz) + 1/y + y/(xw) + 1/x+ 1/(xz) + 2/(xw) + 1/(xyz) + 1/(xyw)
224 x+ x/y + y + w + z + 1/y + 1/(yz) + 1/x+ 1/(xz) + 1/(xw) + 1/(xywz) + 1/(x2wz)
Continued on next page.
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Period ID Laurent polynomial mirror
227 x+ y + wz + w + z + z/y + 1/y + 1/(yw) + 1/x+ 1/(xz) + 1/(xwz) + z/(xy) + 1/(xy) + 1/(xyw)
230 x+y+w+z+1/y+y/(xz)+y/(xw)+1/x+2/(xz)+2/(xw)+1/(xyz)+1/(xyw)+y/(x2wz)+2/(x2wz)+1/(x2ywz)
232
x+ y + w + z + w/y + 1/y + 1/x+ 1/(xz) + 1/(xw) + 1/(xwz) + 2/(xy) + 1/(xyz) + 1/(xyw) + 1/(xywz) +
1/(x2wz) + 1/(x2yw) + 2/(x2ywz) + 1/(x2yw2z) + 1/(x3yw2z)
238 xwz + x+ y + w + z + 1/y + y/(xz) + y/(xw) + 1/x+ 2/(xz) + 2/(xw) + 1/(xyz) + 1/(xyw)
244 x+ x/z + x/w + x/(yw) + yw/z + y + w + w/z + z + 1/y + yw/(xz) + y/x+ 1/x
253
x+ y + w + z + wz/y + w/y + yz/(xw) + 2y/(xw) + y/(xwz) + z/x+ 2/x+ 1/(xz) + z/(xw) + 2/(xw) + 1/(xwz) +
z/(xy) + 2/(xy) + 1/(xyz)
288 x+ y + w + w/z + z + 1/y + 1/(yz) + 2/x+ 2/(xz) + 1/(xyw) + 1/(xywz) + 1/(x2w) + 1/(x2wz)
294 x+ y + w + w/z + z + z/y + 1/y + y/x+ 2/x+ 2/(xz) + y/(x2w) + 1/(x2w) + 1/(x2wz)
297 x+y+ z+ 1/z+ 1/y+ 1/(yw) +wz/x+w/x+ z/x+ 1/x+wz/(xy) +w/(xy) + 2z/(xy) + 2/(xy) + z/(xyw) + 1/(xyw)
303 x+ y + y/z + w + w/z + 1/z + 1/w + 1/y + 1/(yw) + wz/x+ w/x+ z/x+ 1/x
318 x+y+w+1/z+1/w+1/(wz)+z/y+2/y+1/(yz)+z/(yw)+2/(yw)+1/(ywz)+wz/(xy)+w/(xy)+z/(xy)+1/(xy)
321
x+ y + w/z + 1/z + z/w + 1/w + w/(yz) + 2/y + 2/(yz) + z/(yw) + 2/(yw) + 1/(ywz) + w2/(xyz) + 2w/(xy) +
2w/(xyz) + z/(xy) + 2/(xy) + 1/(xyz)
327
x+ y+wz +w+ z + 1/y+ 1/(yw) +wz/x+ 2w/x+w/(xz) + z/x+ 2/x+ 1/(xz) +wz/(xy) + 2w/(xy) +w/(xyz) +
2z/(xy) + 3/(xy) + 1/(xyz) + z/(xyw) + 1/(xyw)
341
x+ y + w/z + 1/z + w2/(yz) + 2w/y + 2w/(yz) + z/y + 2/y + 1/(yz) + 1/x+ z/(xw) + 1/(xw) + w2/(xyz) +
2w/(xy) + 3w/(xyz) + z/(xy) + 4/(xy) + 3/(xyz) + z/(xyw) + 2/(xyw) + 1/(xywz)
342
x+ y + z + 1/z + wz/y + w/y + z/y + 1/y + 1/x+ 1/(xz) + 1/(xw) + 1/(xwz) + wz/(xy) + 2w/(xy) + w/(xyz) +
2z/(xy) + 4/(xy) + 2/(xyz) + z/(xyw) + 2/(xyw) + 1/(xywz)
350
x+ w + z + w/y + z/y + 1/y + yw/(xz) + 2y/x+ y/(xz) + yz/(xw) + y/(xw) + w/(xz) + 3/x+ 1/(xz) + 2z/(xw) +
2/(xw) + 1/(xy) + z/(xyw) + 1/(xyw)
361
x+ yw/z + 2y + y/z + yz/w + y/w + w/z + 1/z + z/w + 1/w + w2/(xz) + 2w/x+ 2w/(xz) + z/x+ 2/x+ 1/(xz) +
w2/(xyz) + 2w/(xy) + 2w/(xyz) + z/(xy) + 2/(xy) + 1/(xyz)
Continued on next page.
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Period ID Laurent polynomial mirror
385 x+ y + 1/z + z/y + 2/y + 1/(yz) + z/(yw) + 2/(yw) + 1/(ywz) + wz/x+ w/x+ 2z/x+ 2/x+ z/(xw) + 1/(xw)
403 x+ y+w/z+ 1/z+ z/w+ 1/w+ 1/y+ yw/x+ yz/x+ 2y/x+ yz/(xw) + y/(xw) +w/x+ z/x+ 2/x+ z/(xw) + 1/(xw)
404 x+ y + w/z + 1/z + z/w + 1/w + w/y + z/y + 2/y + z/(yw) + 1/(yw) + w/x+ z/x+ 1/x
406 x+ yw + yz + y + w + z + 1/z + 1/w + 1/(wz) + 1/y + z/x+ 1/x+ z/(xy) + 1/(xy)
413 x+ yw + y + w + z + 1/z + 1/y + z/x+ 2/x+ 1/(xz) + z/(xw) + 2/(xw) + 1/(xwz) + z/(xy) + 2/(xy) + 1/(xyz)
421
x+ yw+ y +w+ z + 1/z + yw/x+ yw/(xz) + 2y/x+ 2y/(xz) + y/(xw) + y/(xwz) +w/x+w/(xz) + 3/x+ 3/(xz) +
2/(xw) + 2/(xwz) + 1/(xy) + 1/(xyz) + 1/(xyw) + 1/(xywz)
422 x+ yz + y + z + 1/z + 1/w + 1/y + 1/(yw) + yz/x+ 2y/x+ y/(xz) + wz/x+ 2w/x+ w/(xz) + z/x+ 2/x+ 1/(xz)
423
x+ y + y/z + y/w + y/(wz) + 1/z + 1/w + 1/(wz) + 1/y + ywz/x+ yw/x+ 2yz/x+ 3y/x+ y/(xz) + yz/(xw) +
2y/(xw) + y/(xwz) + wz/x+ w/x+ 2z/x+ 3/x+ 1/(xz) + z/(xw) + 2/(xw) + 1/(xwz)
424 x+w+w/z+z+1/z+z/w+1/w+w/(yz)+2/y+1/(yz)+z/(yw)+1/(yw)+yw/(xz)+y/x+y/(xz)+w/(xz)+1/x+1/(xz)
430
x+ yz + y + z + 1/z + 1/w + 1/y + 1/(yw) + w/x+ w/(xz) + 2/x+ 2/(xz) + 1/(xw) + 1/(xwz) + w/(xy) +
w/(xyz) + 2/(xy) + 2/(xyz) + 1/(xyw) + 1/(xywz)
439
x+ ywz + yw + yz + y + wz + w + z + ywz/x+ yw/x+ yz/x+ y/x+ 2wz/x+ 2w/x+ 3z/x+ 4/x+ 1/(xz) +
z/(xw) + 2/(xw) + 1/(xwz) + wz/(xy) + w/(xy) + 2z/(xy) + 3/(xy) + 1/(xyz) + z/(xyw) + 2/(xyw) + 1/(xywz)
464 x+ y + y/w + w + z + wz/y + 2w/y + w/(yz) + z/y + 2/y + 1/(yz) + 1/x+ 1/(xz) + 1/(xw) + 1/(xwz)
473
x+ z/w + 1/w + 1/y + z/(yw) + 1/(yw) + yw/(xz) + y/x+ y/(xz) + w2/(xz) + 3w/x+ 3w/(xz) + 3z/x+ 5/x+
2/(xz) + z2/(xw) + 2z/(xw) + 1/(xw) +w2/(xyz) + 3w/(xy) + 2w/(xyz) + 3z/(xy) + 4/(xy) + 1/(xyz) + z2/(xyw) +
2z/(xyw) + 1/(xyw)
478 x+y+y/z+wz+w+2z+1/z+z/w+1/w+1/y+y/x+y/(xz)+y/(xw)+y/(xwz)+1/x+1/(xz)+1/(xw)+1/(xwz)
483
x+ yz + 2y + y/z + wz + 2w + w/z + z + 1/z + 1/y + y/(xw) + y/(xwz) + 2/x+ 2/(xz) + 1/(xw) + 1/(xwz) +
w/(xy) + w/(xyz) + 1/(xy) + 1/(xyz)
508 x+ ywz + 2yw + yw/z + yz + 3y + 2y/z + y/w + y/(wz) +wz + 2w +w/z + z + 2/z + 1/w + 1/(wz) + 1/x+ 1/(xy)
509
x+ y + z/w + 1/w + w2/(yz) + 3w/y + 2w/(yz) + 3z/y + 4/y + 1/(yz) + z2/(yw) + 2z/(yw) + 1/(yw) + w2/(xz) +
2w/x+ 2w/(xz) + z/x+ 2/x+ 1/(xz)
Continued on next page.
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Period ID Laurent polynomial mirror
512
x+ y + y/w + w + z + 1/z + 1/w + yz/x+ 2y/x+ y/(xz) + wz/x+ 2w/x+ w/(xz) + 2z/x+ 4/x+ 2/(xz) +
wz/(xy) + 2w/(xy) + w/(xyz) + z/(xy) + 2/(xy) + 1/(xyz)
516 x+yw+yz+2y+yz/w+y/w+w+w/z+z+1/z+z/w+1/w+1/y+1/x+z/(xw)+1/(xw)+1/(xy)+z/(xyw)+1/(xyw)
517
x+y+y/z+wz+w+z+1/z+ywz/x+2yw/x+yw/(xz)+yz/x+2y/x+y/(xz)+2wz/x+4w/x+2w/(xz)+3z/x+
5/x+ 2/(xz) + z/(xw) + 1/(xw) +wz/(xy) + 2w/(xy) +w/(xyz) + 2z/(xy) + 3/(xy) + 1/(xyz) + z/(xyw) + 1/(xyw)
519
x+ y+ y/w+ y/(wz) +w+ z+ 1/z+ 1/w+ 1/(wz) + y2/(xw) + y2/(xwz) + 2y/x+ 2y/(xz) + 3y/(xw) + 3y/(xwz) +
w/x+ w/(xz) + 4/x+ 4/(xz) + 3/(xw) + 3/(xwz) + w/(xy) + w/(xyz) + 2/(xy) + 2/(xyz) + 1/(xyw) + 1/(xywz)
521
x+ y+w+ z+ z/w+ 1/w+ 1/y+ z/(yw) + 1/(yw) +w2/(xz) + 3w/x+ 2w/(xz) + 3z/x+ 4/x+ 1/(xz) + z2/(xw) +
2z/(xw) + 1/(xw) +w2/(xyz) + 3w/(xy) + 2w/(xyz) + 3z/(xy) + 4/(xy) + 1/(xyz) + z2/(xyw) + 2z/(xyw) + 1/(xyw)
524
x+ y + 2w + z + 1/z + w2/y + 2w/y + 1/y + y2z/(xw) + y2/(xw) + 3yz/x+ 3y/x+ 2yz/(xw) + 2y/(xw) + 3wz/x+
3w/x+ 4z/x+ 4/x+ z/(xw) + 1/(xw) + w2z/(xy) + w2/(xy) + 2wz/(xy) + 2w/(xy) + z/(xy) + 1/(xy)
527
x+ ywz + 2yw + yw/z + yz + 3y + 2y/z + y/w + y/(wz) + wz + 2w + w/z + z + 2/z + 1/w + 1/(wz) + 1/x+
1/(xz) + 1/(xw) + 1/(xwz) + 1/(xy) + 1/(xyz) + 1/(xyw) + 1/(xywz)
529
x+ y + yz/w + y/w + 2z/w + 2/w + 1/y + z/(yw) + 1/(yw) + yw2/(xz) + 3yw/x+ 2yw/(xz) + 3yz/x+ 4y/x+
y/(xz) + yz2/(xw) + 2yz/(xw) + y/(xw) +w2/(xz) + 3w/x+ 2w/(xz) + 3z/x+ 5/x+ 1/(xz) + z2/(xw) + 3z/(xw) +
2/(xw) + 1/(xy) + z/(xyw) + 1/(xyw)
549
x+ yw + y +w + z + 1/z + ywz/x+ 2yw/x+ yw/(xz) + 2yz/x+ 4y/x+ 2y/(xz) + yz/(xw) + 2y/(xw) + y/(xwz) +
wz/x+ 2w/x+ w/(xz) + 3z/x+ 6/x+ 3/(xz) + 2z/(xw) + 4/(xw) + 2/(xwz) + z/(xy) + 2/(xy) + 1/(xyz) +
z/(xyw) + 2/(xyw) + 1/(xywz)
552 xywz+xyw+xyz+xy+xwz+xw+xz+x+ywz+yw+yz+y+wz+w+z+1/z+1/w+1/y+1/(yz)+1/x+1/(xz)+1/(xw)
555
x+ y + y/z + y/w + w + w/z + z + 1/z + z/w + 1/w + y2/(xz) + 2yw/(xz) + 2y/x+ 3y/(xz) + w2/(xz) + 2w/x+
4w/(xz) + z/x+ 4/x+ 3/(xz) + w2/(xyz) + 2w/(xy) + 2w/(xyz) + z/(xy) + 2/(xy) + 1/(xyz)
558
x+ y + w + 2z + z2/w + 2z/w + 1/w + w2/(yz) + 3w/y + 2w/(yz) + 3z/y + 4/y + 1/(yz) + z2/(yw) + 2z/(yw) +
1/(yw) + w2/(xz) + 2w/x+ 2w/(xz) + z/x+ 2/x+ 1/(xz)
Continued on next page.
L
A
U
R
E
N
T
P
O
L
Y
N
O
M
IA
L
M
IR
R
O
R
S
F
O
R
Q
U
IV
E
R
F
L
A
G
Z
E
R
O
L
O
C
I
3
9
Continued from previous page.
Period ID Laurent polynomial mirror
559
x+ yw + yz + y + w + w/z + z + 1/z + yw2/(xz) + 2yw/x+ 3yw/(xz) + yz/x+ 4y/x+ 3y/(xz) + yz/(xw) +
2y/(xw) + y/(xwz) + w2/(xz) + 2w/x+ 4w/(xz) + z/x+ 6/x+ 5/(xz) + 2z/(xw) + 4/(xw) + 2/(xwz) + w/(xyz) +
2/(xy) + 2/(xyz) + z/(xyw) + 2/(xyw) + 1/(xywz)
562
x+ y + yz/w + y/w + w + 2z + z2/w + 3z/w + 2/w + w/y + 2z/y + 2/y + z2/(yw) + 2z/(yw) + 1/(yw) + w2/(xz) +
2w/x+ 2w/(xz) + z/x+ 2/x+ 1/(xz) + w2/(xyz) + 2w/(xy) + 2w/(xyz) + z/(xy) + 2/(xy) + 1/(xyz)
566
x+ y2/w + 2y + 2yz/w + 2y/w + w + 2z + z2/w + 2z/w + 1/w + y2/(xz) + y2/(xw) + 2yw/(xz) + 4y/x+ 3y/(xz) +
2yz/(xw) + 2y/(xw) + w2/(xz) + 3w/x+ 4w/(xz) + 3z/x+ 6/x+ 3/(xz) + z2/(xw) + 2z/(xw) + 1/(xw) +
w2/(xyz) + 2w/(xy) + 2w/(xyz) + z/(xy) + 2/(xy) + 1/(xyz)
582
x+ yw + 2y + y/w + w + z + 1/z + 1/w + z/y + 2/y + 1/(yz) + z/x+ 2/x+ 1/(xz) + z/(xw) + 2/(xw) + 1/(xwz) +
z/(xy) + 2/(xy) + 1/(xyz) + z/(xyw) + 2/(xyw) + 1/(xywz)
583 xy+xy/z+xy/w+x+x/z+x/w+y+y/z+y/w+wz+w+z+1/z+1/w+wz/y+w/y+z/y+1/y+wz/x+w/x+z/x+1/x
593 x+ yw+ yz+ 2y+ yz/w+ y/w+w+w/z+ z+ 1/z+ 2z/w+ 2/w+ 1/y+ z/(yw) + 1/(yw) +w/(xz) + 1/x+ 1/(xz)
597
x+ ywz + yw+ yz + y +wz +w+ z + 1/z + 1/w+ 1/(wz) + ywz/x+ 2yw/x+ yw/(xz) + 2yz/x+ 4y/x+ 2y/(xz) +
yz/(xw) + 2y/(xw) + y/(xwz) + 2wz/x+ 4w/x+ 2w/(xz) + 3z/x+ 6/x+ 3/(xz) + z/(xw) + 2/(xw) + 1/(xwz) +
wz/(xy) + 2w/(xy) + w/(xyz) + z/(xy) + 2/(xy) + 1/(xyz)
600
x+ y + z + 1/z + z/w + 2/w + 1/(wz) + z/y + 2/y + 1/(yz) + z/(yw) + 2/(yw) + 1/(ywz) + yz/x+ 2y/x+ y/(xz) +
yz/(xw) + 2y/(xw) + y/(xwz) + wz/x+ 2w/x+ w/(xz) + 3z/x+ 6/x+ 3/(xz) + 2z/(xw) + 4/(xw) + 2/(xwz) +
wz/(xy) + 2w/(xy) + w/(xyz) + 2z/(xy) + 4/(xy) + 2/(xyz) + z/(xyw) + 2/(xyw) + 1/(xywz)
603
x+ ywz + 2yw + yw/z + yz + 3y + 2y/z + y/w + y/(wz) + wz + 2w + w/z + z + 2/z + 1/w + 1/(wz) + 1/y + 1/x+
1/(xz) + 1/(xw) + 1/(xwz) + 1/(xy) + 1/(xyz) + 1/(xyw) + 1/(xywz)
604
x+ yw + yz + 2y + yz/w + y/w + w + w/z + z + 1/z + z/w + 1/w + w/(yz) + 1/y + 1/(yz) + w/(xz) + 2/x+
2/(xz) + z/(xw) + 2/(xw) + 1/(xwz) + w/(xyz) + 2/(xy) + 2/(xyz) + z/(xyw) + 2/(xyw) + 1/(xywz)
616 xy+xw+x+2y+2w+z+1/z+z/w+2/w+1/(wz)+z/y+2/y+1/(yz)+z/(yw)+2/(yw)+1/(ywz)+y/x+w/x+1/x
617
xy+ xy/z + xy/w+ 2x+ 2x/z + x/w+ x/y+ x/(yz) + 2y+ 2y/z + 2y/w+wz +w+ z + 3/z + 2/w+ 1/y+ 1/(yz) +
y/x+ y/(xz) + y/(xw) + 1/x+ 1/(xz) + 1/(xw)
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623
xw + xz + 2x+ xz/w + x/w + x/y + yw + yz + 2y + yz/w + y/w + w + w/z + z + 1/z + 2z/w + 2/w + 1/y + y/x+
yz/(xw) + y/(xw) + 1/x+ z/(xw) + 1/(xw)
625
xwz + xw + xz + x+ ywz + yw + yz + y + wz + w + z + 1/z + 1/w + 1/(wz) + 1/y + 1/(yz) + 1/(yw) + 1/(ywz) +
1/x+ 1/(xz) + 1/(xw) + 1/(xwz) + 1/(xy) + 1/(xyz) + 1/(xyw) + 1/(xywz)
626
x+ y + yz/w + 2y/w + y/(wz) + w + z + 1/z + z/w + 2/w + 1/(wz) + y2z/(xw) + 2y2/(xw) + y2/(xwz) + 2yz/x+
4y/x+ 2y/(xz) + 3yz/(xw) + 6y/(xw) + 3y/(xwz) + wz/x+ 2w/x+ w/(xz) + 4z/x+ 8/x+ 4/(xz) + 3z/(xw) +
6/(xw) + 3/(xwz) + wz/(xy) + 2w/(xy) + w/(xyz) + 2z/(xy) + 4/(xy) + 2/(xyz) + z/(xyw) + 2/(xyw) + 1/(xywz)
637
xy + xw + xz + 2x+ xw/y + xz/y + x/y + y + y/z + y/w + w + w/z + z + 1/z + z/w + 1/w + 2w/y + 2z/y + 2/y +
1/x+ w/(xy) + z/(xy) + 1/(xy)
642
x+ y2/z + y2/w + 2yw/z + 4y + 2y/z + 2yz/w + 2y/w + w2/z + 3w + 2w/z + 3z + 1/z + z2/w + 2z/w + 1/w +
y/(xz) + 2w/(xz) + 2/x+ 2/(xz) + w2/(xyz) + 2w/(xy) + 2w/(xyz) + z/(xy) + 2/(xy) + 1/(xyz)
653
xw + xz + 2x+ xz/w + x/w + xw/(yz) + x/y + x/(yz) + yw + yz + 2y + yz/w + y/w +w +w/z + z + 1/z + 2z/w +
2/w + w/(yz) + 1/y + 1/(yz) + y/x+ yz/(xw) + y/(xw) + 1/x+ z/(xw) + 1/(xw)
662
xyw + xyz + xy + xw + 2xz + 2x+ xz/y + x/y + 2yw + 2yz + 2y + 2w + 4z + 1/z + 1/w + 1/(wz) + 2z/y + 2/y +
yw/x+ yz/x+ y/x+ w/x+ 2z/x+ 2/x+ z/(xy) + 1/(xy)
664
x+ y2/(wz) + y + 2y/z + 2y/w + 2y/(wz) + w + w/z + z + 2/z + z/w + 2/w + 1/(wz) + y3/(xwz) + 3y2/(xz) +
3y2/(xw) + 4y2/(xwz) + 3yw/(xz) + 6y/x+ 9y/(xz) + 3yz/(xw) + 9y/(xw) + 6y/(xwz) + w2/(xz) + 3w/x+
6w/(xz) + 3z/x+ 12/x+ 9/(xz) + z2/(xw) + 6z/(xw) + 9/(xw) + 4/(xwz) + w2/(xyz) + 3w/(xy) + 3w/(xyz) +
3z/(xy) + 6/(xy) + 3/(xyz) + z2/(xyw) + 3z/(xyw) + 3/(xyw) + 1/(xywz)
665
x+ y + y/w + w + z + 2z/w + 2/w + w/y + 2z/y + 2/y + z2/(yw) + 2z/(yw) + 1/(yw) + y2/(xz) + y2/(xw) +
3yw/(xz) + 6y/x+ 3y/(xz) + 3yz/(xw) + 3y/(xw) + 3w2/(xz) + 9w/x+ 6w/(xz) + 9z/x+ 12/x+ 3/(xz) +
3z2/(xw) + 6z/(xw) + 3/(xw) + w3/(xyz) + 4w2/(xy) + 3w2/(xyz) + 6wz/(xy) + 9w/(xy) + 3w/(xyz) + 4z2/(xy) +
9z/(xy) + 6/(xy) + 1/(xyz) + z3/(xyw) + 3z2/(xyw) + 3z/(xyw) + 1/(xyw)
669
xy/z + xw/z + 2x+ x/z + xw/y + xz/y + x/y + y2/w + 2y + 2y/z + 2yz/w + 2y/w +w + 2w/z + 2z + 2/z + z2/w +
2z/w + 1/w + w/y + z/y + 1/y + y/(xz) + w/(xz) + 1/x+ 1/(xz)
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679
xw+2xz+2x+xz2/w+2xz/w+x/w+xw/(yz)+x/y+x/(yz)+2yw+3yz+3y+yz2/w+2yz/w+y/w+2w+w/z+
3z+1/z+z2/w+2z/w+1/w+w/(yz)+1/y+1/(yz)+y2w/x+y2z/x+y2/x+2yw/x+2yz/x+2y/x+w/x+z/x+1/x
699
xyw/z + 2xy+ xy/z + xyz/w+ xy/w+ xw/z + 3x+ x/z + 2xz/w+ 2x/w+ x/y+ xz/(yw) + x/(yw) + 2yw/z + 4y+
2y/z + 2yz/w + 2y/w + w + 2w/z + z + 2/z + 3z/w + 3/w + 1/y + z/(yw) + 1/(yw) + yw/(xz) + 2y/x+ y/(xz) +
yz/(xw) + y/(xw) + w/(xz) + 2/x+ 1/(xz) + z/(xw) + 1/(xw)
717
xyw/z + 2xy + xy/z + xyz/w+ xy/w+ 2xw/z + 3x+ 2x/z + xz/w+ x/w+ xw/(yz) + x/y + x/(yz) + 2yw/z + 4y +
2y/z + 2yz/w + 2y/w + w + 4w/z + z + 4/z + 2z/w + 2/w + 2w/(yz) + 2/y + 2/(yz) + yw/(xz) + 2y/x+ y/(xz) +
yz/(xw) + y/(xw) + 2w/(xz) + 3/x+ 2/(xz) + z/(xw) + 1/(xw) + w/(xyz) + 1/(xy) + 1/(xyz)
723
xy2/(wz) + 3xy/z + 2xy/w + 2xy/(wz) + 3xw/z + 4x+ 4x/z + xz/w + 2x/w + x/(wz) + xw2/(yz) + 2xw/y +
2xw/(yz) + xz/y + 2x/y + x/(yz) + 2y2/(wz) + y + 5y/z + 4y/w + 4y/(wz) + w + 4w/z + z + 6/z + 2z/w + 4/w +
2/(wz) + w2/(yz) + 2w/y + 2w/(yz) + z/y + 2/y + 1/(yz) + y2/(xwz) + 2y/(xz) + 2y/(xw) + 2y/(xwz) + w/(xz) +
2/x+ 2/(xz) + z/(xw) + 2/(xw) + 1/(xwz)
730
x2/y + x2z/(yw) + x2/(yw) + xw/z + 4x+ x/z + 3xz/w + 3x/w + xw/y + 2xz/y + 3x/y + xz2/(yw) + 3xz/(yw) +
2x/(yw) + 2yw/z + 5y + 2y/z + 3yz/w + 3y/w + w + 2w/z + 2z + 2/z + z2/w + 5z/w + 4/w + w/y + 2z/y + 2/y +
z2/(yw) + 2z/(yw) + 1/(yw) + y2w/(xz) + 2y2/x+ y2/(xz) + y2z/(xw) + y2/(xw) + 2yw/(xz) + 4y/x+ 2y/(xz) +
2yz/(xw) + 2y/(xw) + w/(xz) + 2/x+ 1/(xz) + z/(xw) + 1/(xw)
734
xywz+2xyw+xyw/z+xyz+3xy+2xy/z+xy/w+xy/(wz)+xwz+2xw+xw/z+xz+4x+3x/z+2x/w+2x/(wz)+
x/y+x/(yz)+x/(yw)+x/(ywz)+2ywz+4yw+2yw/z+2yz+6y+4y/z+2y/w+2y/(wz)+2wz+4w+2w/z+2z+
6/z+4/w+4/(wz)+2/y+2/(yz)+2/(yw)+2/(ywz)+ywz/x+2yw/x+yw/(xz)+yz/x+3y/x+2y/(xz)+y/(xw)+
y/(xwz) +wz/x+ 2w/x+w/(xz) + z/x+ 4/x+ 3/(xz) + 2/(xw) + 2/(xwz) + 1/(xy) + 1/(xyz) + 1/(xyw) + 1/(xywz)
740
xy2/z + xy2/w + 2xyw/z + 4xy + 3xy/z + 2xyz/w + 2xy/w + xw2/z + 3xw + 4xw/z + 3xz + 6x+ 3x/z + xz2/w +
2xz/w + x/w + xw2/(yz) + 2xw/y + 2xw/(yz) + xz/y + 2x/y + x/(yz) + 2y2/z + 2y2/w + 4yw/z + 8y + 6y/z +
4yz/w+ 4y/w+ 2w2/z + 6w+ 8w/z + 6z + 6/z + 2z2/w+ 4z/w+ 2/w+ 2w2/(yz) + 4w/y + 4w/(yz) + 2z/y + 4/y +
2/(yz) + y2/(xz) + y2/(xw) + 2yw/(xz) + 4y/x+ 3y/(xz) + 2yz/(xw) + 2y/(xw) + w2/(xz) + 3w/x+ 4w/(xz) +
3z/x+ 6/x+ 3/(xz) + z2/(xw) + 2z/(xw) + 1/(xw) + w2/(xyz) + 2w/(xy) + 2w/(xyz) + z/(xy) + 2/(xy) + 1/(xyz)
Continued on next page.
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742
x3/(yz) + 4x2/z + x2/w+ 3x2w/(yz) + 3x2/y + 3x2/(yz) + 6xy/z + 3xy/w+ 9xw/z + 12x+ 9x/z + 3xz/w+ 3x/w+
3xw2/(yz) + 6xw/y+ 6xw/(yz) + 3xz/y+ 6x/y+ 3x/(yz) + 4y2/z + 3y2/w+ 9yw/z + 15y+ 9y/z + 6yz/w+ 6y/w+
6w2/z+ 15w+ 12w/z+ 12z+ 6/z+ 3z2/w+ 6z/w+ 3/w+w3/(yz) + 3w2/y+ 3w2/(yz) + 3wz/y+ 6w/y+ 3w/(yz) +
z2/y + 3z/y + 3/y + 1/(yz) + y3/(xz) + y3/(xw) + 3y2w/(xz) + 6y2/x+ 3y2/(xz) + 3y2z/(xw) + 3y2/(xw) +
3yw2/(xz) + 9yw/x+ 6yw/(xz) + 9yz/x+ 12y/x+ 3y/(xz) + 3yz2/(xw) + 6yz/(xw) + 3y/(xw) +w3/(xz) + 4w2/x+
3w2/(xz) + 6wz/x+ 9w/x+ 3w/(xz) + 4z2/x+ 9z/x+ 6/x+ 1/(xz) + z3/(xw) + 3z2/(xw) + 3z/(xw) + 1/(xw)
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